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Abstract. Erdös raised the question whether there exist infinite abelian
square-free words over a given alphabet (words in which no two adjacent
subwords are permutations of each other). Infinite abelian square-free
words have been constructed over alphabets of sizes as small as four.
In this paper, we investigate the problem of avoiding abelian squares in
partial words (sequences that may contain some holes). In particular, we
give lower and upper bounds for the number of letters needed to construct
infinite abelian square-free partial words with finitely or infinitely many
holes. In the case of one hole, we prove that the minimal alphabet size
is four, while in the case of more than one hole, we prove that it is five.

1 Introduction

Words or strings belong to the very basic objects in theoretical computer science.
The systematic study of word structures (combinatorics on words) was started
by a Norwegian mathematician Axel Thue [1–3] at the beginning of the last
century. One of the remarkable discoveries made by Thue is that the consecutive
repetitions of non-empty factors (squares) can be avoided in infinite words over
a three-letter alphabet. Recall that an infinite word w over an alphabet is said
to be k-free if there exists no word x such that xk is a factor of w. For simplicity,
a word that is 2-free is said to be square-free.

Erdös [4] raised the question whether abelian squares can be avoided in in-
finitely long words, i.e., whether there exist infinite abelian square-free words
over a given alphabet. An abelian square is a non-empty word uv, where u and
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v are permutations of each other. For example, abcacb is an abelian square. A
word is called abelian square-free, if it does not contain any abelian square as a
factor. For example, the word abacaba is abelian square-free, while abcdadcada is
not (it contains the subword cdadca). It is easily seen that abelian squares can-
not be avoided over a three-letter alphabet. Indeed, each word of length eight
over three letters contains an abelian square. A first step in solving special cases
of Erdös’ problem was taken in [5], where it was shown that the 25th abelian
powers were avoidable in the binary case. Later on, Pleasants [6] showed that
there exists an infinite abelian square-free word over five letters, using a uniform
iterated morphism of size fifteen. This result was improved in [7] using uniform
morphisms of size five.

Dekking [8] proved that over a binary alphabet there exists a word that is
abelian 4-free. Moreover, using ZZ7 instead of ZZ5, in the proof of this result, we
get that over a ternary alphabet an abelian 3-free infinite word is constructible.
The problem of whether abelian squares can be avoided over a four-letter alpha-
bet was open for a long time. In [9], using an interesting combination of computer
checking and mathematical reasoning, Keränen proves that abelian squares are
avoidable on four letters. To do this, he presents an abelian square-free morphism
g : {a, b, c, d}∗ → {a, b, c, d}∗ whose size is |g(abcd)| = 4× 85:

g(a) =abcacdcbcdcadcdbdabacabadbabcbdbcbacbcdcacb

abdabacadcbcdcacdbcbacbcdcacdcbdcdadbdcbca

and the image of the letters b, c, d are obtained by cyclic permutation of letters
in the preceding words.

Most of the currently known methods, [10], for constructing arbitrarily long
abelian square-free words over a four-letter alphabet are based on the structure
of this endomorphism g. Moreover, it is shown that no smaller uniform morphism
works here! In [11] a completely new morphism of length 4×98, possessing similar
properties for iterations, is given.

Now let us move to partial words. Being motivated by a practical problem
on gene comparison, Berstel and Boasson introduced the notion of partial words,
sequences over a finite alphabet that may have some undefined positions or holes
(the � symbol represents a hole and matches every letter of the alphabet) [12].
For instance, a�bca�b is a partial word with two holes over the three-letter alpha-
bet {a, b, c}. Several interesting combinatorial properties of partial words have
been investigated, and connections have been made with problems concerning
primitive sets of integers, lattices, vertex connectivity, etc [13].

In [14], the question was raised as to whether there exist cube-free infinite
partial words, and an optimal construction over a binary alphabet was given
(a partial word w is called k-free, if for every factor x0x1· · ·xk−1 of w there
does not exist a word u, such that for each i, the defined positions of xi match
the corresponding positions of u). In [15], the authors settled the question of
overlap-freeness by showing that over a two-letter alphabet there exist overlap-
free infinite partial words with at most one hole, and that a three-letter alphabet
is enough for an infinity of holes. An overlap represents a word consisting of two



Abelian Square-Free Partial Words 3

overlapping occurrences of the same factor. The problem of square-freeness in
partial words is settled in [15] and [16] where it is shown that a three-letter alpha-
bet is enough for constructing such words. Quite naturally, all the constructions
of these words are done by iterating morphisms, most of them uniform, similarly
or directly implied by the original result of Thue. Moreover, in [14, 15, 17], the
concept of repetitions is also solved in more general terms. The authors show
that, for given alphabets, replacing arbitrary positions of some infinite words by
holes, does not change the repetition degree of the word. Furthermore in [18],
the authors show that there exist binary words that are 2-overlap-free.

This paper focuses on the problem of avoiding abelian squares in partial
words. In Section 2, we give some preliminaries on partial words. In Section 3, we
explore the minimal size of alphabet needed for the construction of (two-sided)
infinite abelian square-free partial words with a given finite number of holes.
In particular, we construct an abelian square-free infinite partial word with one
hole without expanding beyond the minimal four-letter alphabet. For more than
one hole, the minimal number of letters is at least five, when such words exist. In
Section 4, we prove by explicit construction the existence of abelian square-free
partial words with infinitely many holes. The minimal alphabet size turns out to
be five for such words. In Section 5, we discuss some constructions for the finite
case. Finally in Section 6, we conclude with some directions for future work.

2 Preliminaries

Let A be a non-empty finite set of symbols called an alphabet. Each element
a ∈ A is called a letter. A full word over A is a sequence of letters from A. A
partial word over A is a sequence of symbols from A� = A ∪ {�}, the alphabet
A being augmented with the “hole” symbol � (a full word is a partial word that
does not contain the � symbol).

The length of a partial word w is denoted by |w| and represents the number
of symbols in w, while w(i) represents the ith symbol of w, where 0 ≤ i < |w|.
The empty word is the sequence of length zero and is denoted by ε. The set of
all words over A is denoted by A∗, while the set of all partial words over A is
denoted by A∗

�. A (right) (resp., two-sided) infinite partial word is a function
w : N → A� (resp., w : Z → A�).

Let u and v be partial words of equal length. Then u is said to be contained
in v, denoted u ⊂ v, if u(i) = v(i), for all i such that u(i) ∈ A. Partial words u
and v are compatible, denoted u ↑ v, if there exists a partial word w such that
u ⊂ w and v ⊂ w. If u and v are non-empty, then uv is called a square. Whenever
we refer to a square uv, it implies that u ↑ v.

A partial word u is a factor or subword of a partial word v if there exist
x, y such that v = xuy. We say that u is a prefix of v if x = ε and a suffix
of v if y = ε. If w = a0a1 · · · an−1, then w[i..j) = ai · · · aj−1 and w[i..j] =
ai · · · aj . The reversal of a partial word w = a0a1 · · · an−1, where each ai ∈ A�,
is simply the word written backwards an−1 · · · a1a0, and is denoted rev(w). For
partial words u and v, |u|v denotes the number of occurrences of v found in u.
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The Parikh vector of a word w ∈ A∗, denoted by P (w), is defined as P (w) =
〈|w|a0 , |w|a1 , . . . , |w|a‖A‖−1〉, where A = {a0, a1, . . . , a‖A‖−1} (here ‖A‖ denotes
the cardinality of A).

A word uv ∈ A+ is called an abelian square if P (u) = P (v). A word w is
abelian square-free if no factor of w is an abelian square.

Definition 1. A partial word w ∈ A+
� is an abelian square if it is possible to

substitute letters from A for each hole in such a way that w becomes an abelian
square full word. The partial word w is abelian square-free if it does not have any
full or partial abelian square, except those of the form �a or a�, where a ∈ A.

A morphism φ : A∗ → B∗ is called abelian square-free if φ(w) is abelian
square-free whenever w is abelian square-free.

3 The infinite case with a finite number of holes

It is not hard to check that every abelian square-free full word over a three-letter
alphabet has length less than eight. Using a computer it can be checked that the
maximum length of an abelian square-free partial word, over such an alphabet,
is six. So to construct infinite partial words with a finite number of holes, we
need at least four letters. Let us first state some remarks.

Remark 1. Let w ∈ A∗ be an abelian square-free word. Inserting a new letter
a, a 6∈ A, between arbitrary positions of w (so that aa does not occur) yields a
word w′ ∈ (A ∪ {a})∗ that is abelian square-free.

Consider abacba which is abelian square-free. Inserting letter d between posi-
tions 0 and 1, 3 and 4, and 5 and 6, yields adbacdbda which is abelian square-free.

Remark 2. Let uv ∈ A∗ with |u| = |v|, a ∈ A and b 6∈ A. Replace a number of
a’s in u and the same number of a’s in v with b’s, yielding a new word u′v′. If
uv is an abelian square, then u′v′ is an abelian square. Similarly, if uv is abelian
square-free, then u′v′ is abelian square-free.

The question whether there exist infinite abelian square-free full words over
a given alphabet was originally raised by Erdös in [4]. As mentioned above, no
such word exists over a three-letter alphabet. However, infinite abelian square-
free full words are readily available over a four-letter [9,11,19], five-letter [6], and
larger alphabets [20]. These infinite words are created using repeated application
of morphisms, where most of these morphisms are abelian square-free.

We now investigate the minimum alphabet size needed to construct infinite
abelian square-free partial words with a given finite number of holes.

Remark 3. Let u, v be partial words of equal length. If uv is an abelian square,
then so is any permutation of u concatenated with any permutation of v.

Theorem 1. There exists an infinite abelian square-free partial word with one
hole over a four-letter alphabet.
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Proof. We use an abelian square-free morphism φ : A∗ → A∗, where A =
{a, b, c, d}, provided by Keränen [19] that is defined by

φ(a) =abcacdcbcdcadbdcadabacadcdbcbabcbdbadbdcbabcbdcdacd

cbcacbcdbcbabdbabcabadcbcdcbadbabcbabdbcdbdadbdcbca

φ(b) =bcdbdadcdadbacadbabcbdbadacdcbcdcacbacadcbcdcadabda

dcdbdcdacdcbcacbcdbcbadcdadcbacbcdcbcacdacabacadcdb

φ(c) =cdacabadabacbdbacbcdcacbabdadcdadbdcbdbadcdadbabcab

adacadabdadcdbdcdacdcbadabadcbdcdadcdbdabdbcbdbadac

φ(d) =dabdbcbabcbdcacbdcdadbdcbcabadabacadcacbadabacbcdbc

babdbabcabadacadabdadcbabcbadcadabadacabcacdcacbabd

The length of each image is 102 and the Parikh vector of each is a permutation of
P (φ(a)) = 〈21, 31, 27, 23〉. We show that the word �φn(a) is abelian square-free
for all integers n ≥ 0. Since φ is abelian square-free, it is sufficient to check if we
have abelian squares uv that start with the hole, for |u| = |v|.

We refer to the factors created by the images of φ as blocks. Now, assume
that some prefix uv of w = �φn(a) is an abelian square. We can write uv =
�φ(w0)φ(e)φ(w1)x, where e ∈ A, w0, w1, x ∈ A∗ are such that �φ(w0) is a prefix
of u, u is a proper prefix of �φ(w0e), and |x| < 102. If we delete the same
number of occurrences of any given block present in both φ(w0) and φ(w1), we
claim that we only need to consider the case where 0 ≤ |w1| ≤ |w0| < 2 (the
case |w1| > |w0| obviously leads to |u| < |v|, which is a contradiction). If this
were not the case, then the reduced w0 and w1 would have no letter in common.
Denoting by u′ the word obtained from u after replacing the hole by a letter in
A so that P (u′) = P (v), we can build a system of equations for each letter in A.

For example, the system for letter a is determined by

|u′|φ(a) + |u′|φ(b) + |u′|φ(c) + |u′|φ(d) = |v|φ(b) + |v|φ(c) + |v|φ(d) + Λ

The number of occurrences of a (resp., b, c, d) in u′ and v must be equal, so we
get the system of equations:

21|u′|φ(a) + 23|u′|φ(b) + 27|u′|φ(c) + 31|u′|φ(d) = 23|v|φ(b) + 27|v|φ(c) + 31|v|φ(d) + λa

31|u′|φ(a) + 21|u′|φ(b) + 23|u′|φ(c) + 27|u′|φ(d) = 21|v|φ(b) + 23|v|φ(c) + 27|v|φ(d) + λb

27|u′|φ(a) + 31|u′|φ(b) + 21|u′|φ(c) + 23|u′|φ(d) = 31|v|φ(b) + 21|v|φ(c) + 23|v|φ(d) + λc

23|u′|φ(a) + 27|u′|φ(b) + 31|u′|φ(c) + 21|u′|φ(d) = 27|v|φ(b) + 31|v|φ(c) + 21|v|φ(d) + λd

The parameter Λ is an error term taking values in {−1, 0, 1}, but can only be
non-zero for one system of equations (this is because it obviously replaces only
one of the images). Each λi represents the error caused by �, φ(e) or x. Using
Gaussian elimination, it is easy to see that this system is inconsistent provided
that some λi is distinct from 0. However, the hole at the beginning ensures at
least one non-zero λi. Thus, w0 = w1 = ε yielding uv = �φ(e)x, or w0 = f ∈ A
and w1 = ε yielding uv = �φ(f)φ(e)x. It is easy to verify that all such partial
words are abelian square-free. ut
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Corollary 1. There exists a two-sided infinite abelian square-free partial word
with one hole over a five-letter alphabet.

Proof. For a word w, let φ′(w) = rev(φ(w)) with φ : A∗ → A∗ being the mor-
phism from the proof of Theorem 1. Hence, φ′(w) is abelian square-free for all
abelian square-free words w and φ′n(a)� is abelian square-free for all integers
n ≥ 0. Also, let χ : B∗ → B∗, where B = {b, c, d, e}, be the morphism that
is constructed by replacing each a in the definition of φ with a new letter e.
By construction, χ is an abelian square-free morphism and �χn(e) is abelian
square-free for all integers n ≥ 0.

We show that φ′n(a)�χn(e) ∈ {a, b, c, d, e}∗, is abelian square-free for all
integers n ≥ 0. Suppose to the contrary that there exists an abelian square w,
which is a subword of φ′n(a)�χn(e), for some integer n ≥ 0. Then, the word w
must contain parts of both φ′(a) and χ(e). Therefore, at least one half, called
u, is a subword of either φ′n(a) or χn(e) meaning it contains either a or e but
not both and it does not contain the hole. Whereas the other half of w, called v,
necessarily contains the other letter and the hole. Since v contains a letter that
u does not, and u has no holes, w is not an abelian square. ut

Corollary 2. The word φ′n(a)�efg�φn(a) ∈ {a, b, c, d.e, f, g}∗� is a two-sided in-
finite abelian square-free partial word with two holes over a seven-letter alphabet.

Using a computer program, we have checked that over a four-letter alphabet
all words of the form u�v, where |u| = |v| = 12, contain an abelian square. It
follows that, over a four-letter alphabet, an infinite abelian square-free partial
word containing more than one hole, must have all holes within the first 12
positions. We have also checked that all partial words �u�v with |u| ≤ 10, |v| ≤ 10
or with |u| = 11, |v| = 5 contain abelian squares (and consequently so do the
words with |u| = 11 and |v| ≥ 5).

Proposition 1. Over a four-letter alphabet, there exists no two-sided infinite
abelian square-free partial word with one hole, and all right infinite partial words
contain at most one hole.

In addition, over a four-letter alphabet, for all words u and v, |u|, |v| ≤ 12,
the partial word �u�v� contains an abelian square.

Proposition 2. If a finite partial word over a four-letter alphabet contains at
least three holes, then it has an abelian square.

4 The case with infinitely many holes

The next question is how large should the alphabet be so that an abelian square-
free partial word with infinitely many holes can be constructed. In this section,
we construct such words over a minimal alphabet size of five.

Theorem 2. There exists an abelian square-free partial word with infinitely
many holes over a seven-letter alphabet.
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Proof. According to [9], there exists an infinite abelian square-free word w over
a four-letter alphabet A = {a, b, c, d}. Furthermore, there exist some distinct
letters x, y, z ∈ A so that for infinitely many j’s we have w(j−1) = z, w(j) = x,
and w(j + 1) = y. Let k0 be the smallest integer such that w(k0 − 1) = z,
w(k0) = x and w(k0+1) = y. Then, define kj recursively, where kj is the smallest
integer such that kj > 5kj−1, w(kj − 1) = z, w(kj) = x and w(kj + 1) = y.
Moreover, define A′ = A ∪ {e, f, g}, where e, f, g /∈ A.

Note that in order to avoid abelian squares, the holes must be somehow
sparse. We now define an infinite partial word w′. For any integer i ≥ 0, there
exists some integer j ≥ 0 so that kj − 1 ≤ i < kj+1 − 1. If j ≡ 0 mod 5, then
for i = kj − 1, let w′(i) = e; for i = kj , let w′(i) = �; for i = kj + 1, let
w′(i) = f . If j 6≡ 0 mod 5 and i = kj , then let w′(i) = g. For all other i’s, let
w′(i) = w(i). Clearly, w′ has infinitely many holes. The modulo 5 here helps
prevent the creation of squares, by assuring that the occurrences of a letter grow
faster than the ones of the hole.

In order to prove that w′ has no abelian squares, we assume that it has one
and get a contradiction. Let uv be an occurrence of an abelian square, where
u = w′[i..i + l] and v = w′[i + l + 1..i + 2l + 1] for some i, l. Let J1 = {j | i ≤
kj ≤ i + l} and J2 = {j | i + l + 1 ≤ kj ≤ i + 2l + 1}. Then |J1| < 3 and
|J2| < 2, which implies |J1 ∪ J2| < 4. To see this, first assume that |J2| > 1.
Note that there exists j ∈ J2 so that j + 1 ∈ J2. However, this implies that
l = i+2l+1− (i+ l+1) ≥ kj+1−kj > kj > i+ l ≥ i+ l− i = l, a contradiction.
Now assume that |J1| > 2. Then there are at least two occurrences of the letter g
in u, and for each occurrence of g there must also be a g or a hole in v. However,
g’s and holes only occur when i = kj for some j, so this implies |J2| ≥ 2, which
violates the claim that |J2| < 2.

Next, we want to show that no holes occur in the abelian square uv. We prove
none occurs in u, the case when the hole is in v being similar. The occurrence
of a hole in u implies that there exists j so that i ≤ kj ≤ i + l. Note that this
implies l > 0, since otherwise uv = �w(i+1) would be a trivial square. Therefore
either e or f occurs in u, since u must contain either w′(kj − 1) or w′(kj + 1).
Assume that e occurs, the f case being similar. Then v must contain either e
or a hole, but that implies i + l ≤ kj+5 − 1 ≤ i + 2l + 1, since w′(kj+5 − 1) is
the next occurrence in w′ of either e or a hole. Thus j, j + 1, . . . , j + 4 ∈ J1 ∪ J2

which implies that |J1 ∪ J2| ≥ 5 > 3, a contradiction, so no such hole can exist.
Therefore, all symbols in uv are letters in A′. By Remark 2, since w′ contains
an abelian square, w must also contain an abelian square. ut

Using a similar construction we can reduce the alphabet size to six.

Theorem 3. There exists an abelian square-free partial word with infinitely
many holes over a six-letter alphabet.

The next question is whether or not it is possible to construct such partial
words over a five-letter alphabet. Although somehow superfluous, the previous
two theorems give both the method and history that were used to prove our
main result. First let us state two lemmas that help us achieve our goal.
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Lemma 1. Let z be a word which is not an abelian square, x (resp., y) be a prefix
(resp., suffix) of φ(e), where φ is defined as in Theorem 1 and e ∈ {b, c, d}. No
word of the form φ(z)y, aφ(z)y or xφ(z), preceded or followed by a hole, is an
abelian square, unless either ez or ze is an abelian square.

Lemma 2. Let z be a word which is not an abelian square, x (resp., y) be a
prefix (resp., suffix) of φ(a), where φ is defined as in Theorem 1. Then, no word
of the form �xφ(z)y is an abelian square, unless az or za is an abelian square.

Theorem 4. There exists an abelian square-free partial word with infinitely
many holes over a five-letter alphabet.

Proof. Let us denote by w the infinite abelian square-free full word over A =
{a, b, c, d} from the proof of Theorem 1. There exist infinitely many j’s such that
w[j−101..j] = φ(a). Let k0 be the smallest integer so that w[k0−101..k0] = φ(a).
Then define kj recursively, where kj is the smallest integer such that kj > 5kj−1

and w[kj − 101..kj ] = φ(a).
Construct an infinite partial word w′ over A ∪ {e} by introducing factors in

w as follows. Let j ≥ 0. If i = kj and j ≡ 0 mod 5, then introduce �e between
positions i and i + 1 of w. If i = kj and j 6≡ 0 mod 5, then introduce four
e’s in the image of φ(a) that ends at position i, in the following way: setting
w[kj − 101..kj ] = φ(a) = abXca, where X ∈ A∗, the word abXca is replaced
with X ′ = eaebXceae. Clearly, w′ has infinitely many holes. Moreover, if the
holes are not taken into consideration, since no two e’s are next to each other,
by Remark 1, the word is still abelian square-free.

In order to prove that w′ has no abelian squares, we assume that it has one
and get a contradiction. Let uv be an occurrence of an abelian square, where
u = w′([i..i + l] and v = w′[i + l + 1..i + 2l + 1] for some i, l. Let J1 = {j |
i ≤ kj ≤ i + l} and J2 = {j | i + l + 1 ≤ kj ≤ i + 2l + 1}. Then |J1| < 4 and
|J2| < 2, which implies |J1 ∪ J2| < 5. As in Theorem 2, it is trivial to show that
|J2| < 2. Now assume that |J1| > 3. Then there are at least seven occurrences of
the letter e in u, and for each occurrence of e there must also be an e or a hole
in v. However, this implies |J2| ≥ 2, which violates the fact that |J2| < 2.

Next, we want to show that no holes occur in the abelian square uv. First
observe that v cannot contain more than four e’s, since otherwise, |J1| > 6, a
contradiction. If the last position of u is a hole, then v contains an e. If no e
occurs in u, then the hole in u and the e in v are cancelling each other, giving us
a factor of the original word, which is abelian square-free. So there must exist
an e in u. But, this implies that there exists an abelian square of one of the
forms eφ(z0)�eφ(z1)y or aeφ(z0)�eφ(z1)y, for some words z0, z1, y ∈ A∗, with
|z0| = |z1| and |y| ∈ {1, 2}. After cancelling the e’s and any common letters from
z0 and z1, we get that P (aφ(z0)) and P (φ(z1)y) differ in only one component
(by only one), and z0, z1 have different letters (otherwise the letters would cancel
each other). It is easy to see that this is impossible.

Let us now assume that the last position of v is a hole. If v would contain
any e’s, then we would get a contradiction with the fact that |J2| < 2. Moreover,
u does not contain any e’s, since otherwise the hole and the e would cancel each
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other and we would get that the original word is not abelian square-free. Hence,
there exist words x, z ∈ A∗ with |x| < 102, such that xφ(z)� is an abelian square.
By Lemma 1, this is impossible. If v has a hole in any other position, then v also
contains an e. Again we get that u contains an e, and so, if an abelian square
exists, it would be of one of the forms eφ(z)y�e or eaφ(z)y�e, for some words
y, z with |y| < 102. After cancelling the e’s, this is also impossible by Lemma 1.

Now let us consider the case when a position in u, other than the last one,
is a hole. If |J1| = 1, since u contains the � and an e, then v also contains an
e. Hence, we have that either �exφ(z)e or �exφ(z)ea, for some words x, z with
|x| < 102, are abelian squares, which is a contradiction by Lemma 1. If |J1| = 3,
then the only possibilities are that either aeφ(z0)�eφ(z1)eaebXeceaeφ(z2)y or
eφ(z0)�eφ(z1)eaebXeceaeφ(z2)y are abelian squares. Since, the hole can be taken
to one end and the e’s and the common images of φ cancel, we get that either
�aφ(z)y or �φ(z)y are abelian squares, for some y with |y| < 102. According to
Lemma 1 no such factors preceded by the hole would create an abelian square.
If |J1| = 2, then the case when X ′ comes after the hole in u is impossible, since
then the length of v would be greater than that of u. If X ′ comes before the hole
in u, then u contains one more e than the suffix of X ′ from u.

We reach a contradiction with Lemma 2, hence, all symbols in uv correspond
to letters in A ∪ {e}. The conclusion follows as in the proof of Theorem 2. ut

5 The distinct finite case

Finite abelian square-free words are difficult to characterize and to build without
the aid of a computer. This is due to the fact that they have very little structure.
However, there are a few special constructions, such as Zimin words, that have
been investigated. In this section, we show that the replacement of letters with
holes in these words result in partial words that are not abelian square-free.

Zimin words were introduced in [21] in the context of blocking sets. Due
to their construction, Zimin words are not only abelian square-free, but also
maximal abelian square-free in the sense that any addition of letters, from the
alphabet they are defined on, to their left or right introduces an abelian square.

Definition 2. [21] Let {a0, . . . , ak−1} be a k-letter alphabet. The Zimin words
zi are defined by z0 = a0 for i = 0, and zi = zi−1aizi−1 for 1 ≤ i < k.

Note that |zi| = 2i+1−1 and P (zi) = 〈2i, 2i−1, . . . , 2, 1〉 for all i = 0, . . . , k−1.

Proposition 3. Let {a0, . . . , ak−1} be a k-letter alphabet. For 1 < i < k, the
replacement of any letter in zi with a hole yields a word with an abelian square.

Proof. The replacement of any letter in an odd position yields an abelian square
factor compatible with abab for some letters a, b. For an even position, the factor
is of one of the forms �bacab, ab�cab, bac�ba, bacab�. ut

In [22], Cummings and Mays introduced a modified construction, which they
named a one-sided Zimin construction. The resulting words are much shorter
than Zimin words.
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Definition 3. [22] Let {a0, . . . , ak−1} be a k-letter alphabet. Left Zimin words
yi are defined recursively as follows: For i = 0, y0 = a0. For i = 1, . . . , k − 1,
yi = yi−1aizb i−1

2 c, where zb i−1
2 c is a Zimin word over {a0, a2, . . . , ai−1} whenever

i is odd and {a1, a3, . . . , ai−1} whenever i is even. Right Zimin words can be
defined similarly.

For example, y4 = abacbdacaebdb and y5 = abacbdacaebdbfacaeaca.
Note that left and right Zimin words are symmetric, and both one-sided con-

structions have Parikh vector P (yi) = 〈2b i+1
2 c, 2b

i
2 c, . . . , 4, 2, 2, 1〉. Furthermore,

yi is a left maximal abelian square-free word over the alphabet {a0, a1, . . . , ai},
for each i = 0, . . . , k − 1.

Proposition 4. Let {a0, . . . , ak−1} be a k-letter alphabet. For each 5 ≤ i < k,
the replacement of any letter in yi with a hole results in a word containing an
abelian square.

Proof. We prove the result by induction on k. For k = 6, we find by ex-
haustive search that no hole can replace any letter of y5 without creating an
abelian square. Assuming that the result is true for y5, . . . , yk−1, consider yk =
yk−1akzb k−1

2 c, where zb k−1
2 c is a Zimin word. By Proposition 3, it is not possible

to place holes in zb k−1
2 c while remaining abelian square-free. Replacing ak with a

hole yields �zb k−1
2 c, which is an abelian square since zb k−1

2 c is a maximal abelian
square-free word. And by the inductive hypothesis, no hole can replace a letter
in yk−1 without the resulting word having abelian square factors. ut

In [23], Korn gives a construction that provides shorter maximal abelian
square-free words. The words’ construction is very different from the variations
on Zimin words.

Definition 4. [23] Let {a0, . . . , ak−1} be a k-letter alphabet, where k ≥ 4. The
words vi are defined recursively by v0 = a2a1 for i = 0, and vi = vi−1ai+2ai+1 for
1 ≤ i ≤ k − 3. Then wk−1 = a0ua1ua0vk−3a0uak−1ua0, where u = a2 · · · ak−2.

For example, w4 = acdbcdacbdcedacdecda.

Proposition 5. Let A = {a0, . . . , ak−1} be a k-letter alphabet, where k ≥ 4,
and wk−1 ∈ A∗ be constructed according to Definition 4. The replacement of any
letter in wk−1 with a hole results in a word containing an abelian square.

Proof. After replacing the first or last letter with a hole, vk−3 remains abelian
square-free. Note that every letter in vk−3, with the exception of a1 and ak−1,
occurs exactly twice. Moreover, if a hole replaces any letter in vk−3, at a position
other than the first or the last one, then we would get a factor of either the form
alal−1�al or al�al+1al for some l. Note that both these partial words represent
abelian squares.

It is not possible to replace letters with holes in the subword vk−3[1..|vk−3|−1)
of wk−1 while keeping abelian square-freeness. Replacing the first (last) letter
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of vk−3 with a hole yields the abelian square a0ua1ua0� (�a0uak−1ua0). Con-
sider now the subword a0ua1ua0 of wk−1 (the proof is similar for the subword
a0uak−1ua0). Clearly, replacing a0 or a1 with a hole yields an abelian square.
Note that the equality 2|u| + 2 = |vk−3| holds. When a hole replaces the letter
at position j in any of the u’s, consider the factor a0ua1ua0vk−3[0..2j +4). Since
u[0..j) = a2 · · · aj+1 and vk−3[0..2j] = a2a1a3a2 · · · aj−2ajaj−1aj+1ajaj+2, we
have that a0u[0..j)u[j..|u|)a1u[0..j) has an extra occurrence of aj+1 compared
to u[j..|u|)a0vk−3[0..2j], while the second factor has an extra occurrence of aj+2

compared to the first factor. Since an aj+1 from the first factor is replaced by a
�, this yields an abelian square, with the � corresponding to aj+2 in the prefix
of vk−3. ut

6 Conclusion

As a possible topic for future work, we propose the study of avoidance of abelian
powers greater than two. From [8], we know that over a binary alphabet, we
can construct an infinite word that avoids 4-powers. In the context of partial
words, which abelian powers can be avoided over a binary alphabet? In this
case, certain repetitions are created, since, if w is an abelian square-free partial
word of length n and a is the most common letter of w, then it is easy to see
that |w|a + |w|� ≤

⌈
n
2

⌉
.

Another interesting topic is to replace letters with holes in arbitrary positions
of a word, without changing the word’s properties of abelian repetition-freeness.
Note that introducing holes two positions apart would create an abelian square,
�ab�. Moreover, note that even if the word is defined in such a way that each two
occurrences of a letter are four symbols apart, the resulting word could contain
an abelian square. For example, if we consider

a1a2a3a4a0a5a6a7a8a0a9a10a11a12

in order to avoid abelian squares, no two ai’s are aj ’s, no two aj ’s are ak’s, and
all ai’s, aj ’s, and ak’s are different, for 0 < i ≤ 4 < j ≤ 8 < k ≤ 12. Also, if we
allow for holes to be three positions apart, only one of the ak’s equals an aj .

Also, investigating the number of abelian square-free partial words over an
alphabet of size five would be interesting. This number has been studied in [10]
and [19] for full words over an alphabet of size four.

References
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