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Abstract

The Parikh matrix mapping allows us to describe words using matrices. Whilst compact, this
description comes with a level of ambiguity since a single matrix may describe multiple words. In
this paper, we investigate how considering the Parikh matrices of various transformations of a given
word can decrease that ambiguity. More specifically, for any word, we study the Parikh matrix of its
projection to a smaller alphabet as well as that of its Lyndon conjugate. Our results demonstrate
that ambiguity can often be reduced using these concepts, and we give conditions on when they

succeed.

1. Introduction

Parikh vectors [1] are a well established and thoroughly investigated way to represent the number
of occurrences of letters in a sequence of symbols (or word). While they are easily computed and
guaranteed to be logarithmic in the size of the word they represent, they are inevitably ambiguous;
that is, as soon as words consist of at least two different letters, multiple words share the same
Parikh vector.

Parikh matrices [2] are an extension of Parikh vectors that reduce this ambiguity. To this end,
they do not only contain the frequency of the individual letters in the word, but they also include
the numbers of some of its (scattered) subwords, namely of all those subwords which consist of a
consecutive sequence of distinct letters that follow some fixed order on the underlying alphabet.
For example, if we consider a word over the alphabet {a, b, ¢} and the common lexicographical order

on this alphabet, then its Parikh matrix contains the frequencies of a, b and ¢ (which corresponds
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to the information held by the word’s Parikh vector) as well as the numbers of occurrences of the
subwords ab, bc and abc. Such a matrix still has the same asymptotic compactness as a Parikh
vector, but it is associated to a significantly smaller number of words. For example, while the words
v = abba and w = aabb share a common Parikh vector, they have different Parikh matrices, as v
contains two occurrences of the subword ab, whereas w has four of them. However, the additional
information included in Parikh matrices does not normally remove their ambiguity entirely: for
instance, the word v = baab has the same number of occurrences of a, b and ab as the word v
introduced above, and therefore shares a common Parikh matrix with v.

A substantial part of the literature on the Parikh matrix mapping investigates this remaining
ambiguity. A major focus of the related research is the study of refined versions of Parikh matrices
that would render the mapping from a word less ambiguous or potentially even injective [3-9], for
example through the use of polynomials or various extensions of the mapping. Due to the significant
combinatorial complexity of the subject, most such attempts (as well as findings on basic Parikh
matrices) are specific to words over binary [10-14] or ternary [15-18] alphabets, leaving alphabets
of size greater than three relatively unexplored.

In terms of reducing the ambiguity of the Parikh matrix of a given word, the authors of [2, 12]
gather more information about the specific word by altering the order of the alphabet, known as the
dual order. In [12] they also consider the Parikh matrix of the reverse image of the word. Hence,
these approaches either modify the alphabet or the word itself, and they study to which extent the
ambiguity of the resulting Parikh matrix can be reduced through these changes. In the present
paper, we pursue a similar avenue, but we alter the word more radically. Our approach yields two
new concepts, namely the P-Parikh matrices and IL-Parikh matrices, and we demonstrate that they
effectively reduce the ambiguity of the Parikh matrix mapping in most cases.

In the P-Parikh matrix mapping, we apply a projection morphism to the given word, i.e., we
delete selected letters from it and consider the Parikh matrix of the resulting word over the reduced
alphabet. This represents a particular case of the extended mapping introduced in [9]. For example,
if we consider the words abcaabaac and abacabcaa, then it can be easily verified that they share
the same number of letters and subwords ab, bc and abc, rendering their Parikh matrices identical
and therefore ambiguous. However, the P-Parikh matrices associated to them with respect to the
alphabet {a, ¢} include the number of subwords ac, which is 6 in the former, but only 5 in the latter

of the words. Hence, there exist P-Parikh matrices not shared by the words.
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We show that, using P-Parikh matrices, we can reduce the ambiguity of the vast majority of
words. We also explore when P-Parikh matrices are ineffective, and we provide insights into the
types of words that cannot be uniquely described by a P-Parikh matrix.

Since P-Parikh matrices are defined for a subset of the initial alphabet, they prove inadequate
when dealing with binary alphabets. We therefore consider an alternative transformation of words:
the Lyndon conjugate, first introduced in [19], which is defined as the lexicographically smallest
circular rotation of a word. Lyndon conjugates have previously been used as a tool for ambiguity
reduction. In [14], the authors define the Lyndon image of a Parikh matriz as the lexicographically
smallest word describing such a matrix. Hence every Parikh matrix has exactly one distinct Lyndon
image, which therefore allows each Parikh matrix to be described uniquely. In the context of this
paper, we use the Lyndon conjugate differently, i.e., we consider the Parikh matrix of the Lyndon
conjugate of a word, and we call the resulting matrix the [L-Parikh matrix of the original word.

If we consider the Parikh matrix of the Lyndon conjugates of the two previously given words,
then we can observe that aabaacabc has 7 occurrences of ab, whereas aaabacabc has 8, making
their Parikh matrices different. Hence, the ambiguity of their Parikh matrix can be reduced using
L-Parikh matrices.

While L-Parikh matrices are a useful concept for any alphabet size, we focus on the cases where
they reduce ambiguity in the binary alphabet and show that this happens for most words over
such alphabets. We give specific conditions of when L-Parikh matrices do not help to reduce the
ambiguity of the given word, and investigate the words for which these criteria apply. This leads us
to our main result of the paper, a characterisation of words whose ambiguity can be reduced using
L-Parikh matrices.

Our paper is organised as follows: In Section 2 we present some basic definitions and notions,
including some basic properties of Parikh matrices. Section 3 examines the first of the two notions we
introduce, the P-Parikh matrix, establishing conditions for when it can or cannot achieve ambiguity
reduction. In Section 4, we study equivalent questions for L-Parikh matrices, largely focusing on
binary alphabets where appropriate. We end our paper with conclusions as well as directions for

future work.
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2. Preliminaries

It is assumed the reader is familiar with the basics of combinatorics on words. If needed, [20]
can be consulted. Throughout this paper, N refers to the set of natural numbers starting with 1.

We refer to a string of arbitrary letters as a word which is formed by the concatenation of letters.
The set of all letters used to create our words is called an alphabet. We represent an ordered alphabet
as ¥y = {a; < az <--- < ag}, where k € N is the size of the alphabet, and by convention a; is the
ith letter in the Latin alphabet. Whenever the alphabet size is irrelevant or understood, we omit
this from notation, using only 3. All alphabets referred to in this paper have an order imposed on
them. The Kleene star, denoted *, is the operation that, once applied to a given alphabet, generates
the set of all finite words that result from concatenating any letters from that alphabet.

We denote the concatenation of two words u and v as wv. The length of a word is the total
number of, not necessarily distinct, letters it contains and the empty word, of length zero, is referred
to as e. If we wish to consider the i*" letter in a word w, then we use the notation wl[].

The reversal of a word w = w([lJw[2] - - - w[m], where w[i] € ¥ for all 4, 1 < i < m, is denoted
rev(w) and defined as rev(w) = wim]w[m — 1]---w[l]. We say that v is a factor of w if and
only if w can be written as w = wjvwy for some wi,wy € X*. If w; = ¢, then we also call
v a prefic of w, and if wy = ¢, then v is a suffic of w. A word u = wu[l]u[2]---u[m], where
ul[l],u2]...,u[m] € X, is a subword of a word v if there exists factors vg,v1, ..., v, € * such that
v = vou[l]vrul2] - - - Vy—1u[m]vy,. We use |v], to denote the number of distinct occurrences of u
as a subword in v. We say that a word uw € X* is lexicographically smaller than a word v € X%,
denoted u <jep v, if u # v and either u is a prefix of v or, for the smallest 7 satisfying u[i] # v]i],
the letter u[i] precedes the letter v[i] in the order on X.

The Parikh vector [1] associated with a word w is obtained through a mapping ¢ : ¥* — N¥,
defined as ¢(w) = [|w]ays |W]ags - - - |W]a,]- For a matrix M of size k x k, the j-diagonal is defined
as all elements of M that are in the position M; ;4 ;, fori=1,2,...,k —j.

We now give the definition of a Parikh matrix, followed by the method by which a Parikh matrix

may also be calculated.

Definition 1 ([2]). Let M1 denote the set of all square matrices of size (k+ 1) X (k+ 1), where
k is the size of the ordered alphabet ¥ = a1 < as < --- < ag. The Parikh matrix mapping is

the morphism ¥ : ¥* — My 1, defined as follows. For a, € ¥ with q representing where in the
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ordered alphabet the letter lies, if U(aq) = (M j)i<ij<k+1, then for each 1 < i < k+1, m;; =1,

Mg.q+1 = 1, and all other elements of the matriz U(a,) are zero.

A word is associated with a matrix, called its Parikh matrix, if the matrix is obtained from that
word following the process. Let w € £5. The Parikh matriz, denoted ¥(w), that w is associated
with has size (k 4+ 1) x (k + 1). The diagonal of the matrix is populated with 1’s and all elements
below it are 0. The count of all subwords that consist of consecutive letters in Xj and are of length
n in the word are found, lexicographically ordered, on the n-diagonal, for 1 < n < k. Observe that
when a Parikh matrix is calculated in this way, the Parikh vector is found on the 1-diagonal of the

corresponding matrix. This concept is encapsulated in the following Theorem.

Theorem 2 ([21]). Let ¥ = {a1 < az < --- < ai} be an ordered alphabet, where k > 1, and

assume that w € ¥*. The matriz ¥(w) has the following properties:

L.mi;=0, forall1 <j<i<(k+1);
2.mi; =1, foralll <i<(k+1);

3. m;; = |wl|, where u = a;a;4+1...a;_2aj_1, for all1 <i<j<(k+1).

We shall illustrate Definition 1 in Example 3 below.

One notion we introduce in this paper relies on a change in alphabet. As such, to emphasise the
alphabet ¥ used for obtaining a Parikh matrix, we write s (w). If no confusion arises, we shall
omit the alphabet from the notation, in favour of legibility, and write ¥ (w).

We say that a Parikh matrix describes a word if the word is associated to the matrix. Notice that
due to the associativity of matrix multiplication, the Parikh matrix of a word can be constructed

from the Parikh matrices of its factors. For a word w = ujus, we have Uy, (w) = ¥y (u1)Us, (u2).

Example 3. Consider the word w = abcda defined over the alphabet 4 = {a < b < ¢ <d}. Then

by definition our Parikh matriz is of size 5 X 5 and we have

U(abeda) = ¥(a) - U(b) - U(c) - V(d)- V(a)

11000 10000 10000 10000 11000 12111
01000 01100 01000 01000 01000 01111

= 00100 . 00100 . 00110 . 00100 . 00100 = 00111 <
00010 00010 00010 00011 00010 00011
00001 00001 00001 00001 00001 00001

For the rest of this work we refine our notation for a Parikh matrix where we remove the elements

not depending on the associated word. By definition, a Parikh matrix is an upper triangular matrix
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with 1’s on the diagonal and zeroes underneath, regardless of the word described. For aesthetics,
removing the redundant part leaves us with a triangular structure that holds the same information

as the original matrix. Thus, we shall represent the Parikh matrix from Example 3 as
2111
U(abcda) = < 1 %>

We say that two words w and w’ are conjugates if we can write w = wv and w’ = vu. For a
word w, the conjugacy class of w, denoted C(w), is the class of all of its possible conjugates. A
conjugacy class is associated to a certain Parikh matriz if at least one word belonging to that class
is associated to the matrix. We observe that it is possible that two or more conjugacy classes are
associated to a single Parikh matrix.

21
1

Example 4. The matriz from Example 3, , has only the words abacd, abcad, and abcda

11
11
E
associated to it. Each of these words are members of different conjugacy classes. Hence this matriz

has three conjugacy classes associated to it. N

A Parikh matrix can describe multiple words, as seen above, although cases exist where a matrix
describes a single word, e.g., aabb is the only word associated to (23). We say that two words
are amiable if they are associated to the same Parikh matrix. If two or more words are associated
to a single Parikh matrix, we say that the matrix is ambiguous. Later in this paper, we reduce
the ambiguity of a word using both its Parikh matrix and the Parikh matrix of an altered form of
that word to describe it. Therefore, we introduce a formal definition of the ambiguity that multiple

functions may have based on the set of all words that satisfy all functions.

Definition 5. We define A(w, f1, fa,..., fn) = {v|fi(v) = fi(w) for all 1 < i < n} for a word
w and functions fi1, fo, .., fu- If |A(w, f1, fay--., fn)] = 1, then we call w unambiguous on
fisfay ooy fn, and say that f1(w), fa(w),..., fr(w) uniquely define w. However, if we have that

[A(w, f1, fo, - fu)| > |A(w, f1, fo, ..., fm)| for m > n and functions fni1, fnt2,-- -, fm, then we
say that fn41, fnt2, ..., fm reduce the ambiguity of w on fi, fa,..., fu-

Observe that whenever m > n, we always have |A(w, f1, fa,..., fa)| > |A(w, f1, fo,- .., fm)]-
Furthermore, if |A(w, f1, fo,..., fn)| = 1, then A(w, f1, fa,..., fn) is unambiguous and thus it is
not possible for f, 11, fnte, ..., fm to reduce ambiguity any further.

First we introduce the P-Parikh matrix. The P-Parikh matrix is in essence the Parikh matrix

of a projection of a word, and represents a particular case of the extension of the Parikh matrix
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mapping presented in [18]. For n € N, w € ¥¥ and S C ¥,,, the P-Parikh matrix of w with respect

to S is defined as follows.

Definition 6. For m,n € N with 1 <m < n, let S C ,, such that S = {ay,, ak,,...,ax, }, where
0<ky <k <:--+ <ky<n. We define the P-Parikh matriz of the word w with respect to S as

Ug(mg(w)), where the morphism m : 3% — XF is defined as

a; :a; €8,
ms(a;) ==
S L a; ¢ S.
To gain some intuition about the above definition, we consider an example.
Example 7. As in Example 3, let ¥4 = {a,b,c,d} and w = abeda; furthermore, let S = {a,c}.
We obtain the P-Parikh matriz ¥g(w) by determining the Parikh matriz of mg(w):
ms(w) =7mg(a) - ms(b) - ws(c) - mg(d) - ms(a) = agcea = aca
\I/{a7c} (71'{(17C} (abcda)) = \If{%c} (aca) = <2 %> . <
The Lyndon conjugate of a word w, denoted L(w), is the conjugate that is lexicographically

smallest based on the order on the alphabet. Next, we introduce the L-Parikh matrix associated

to a word.

Definition 8. Given a word w, we define its L-Parikh matrix, Uy, as the Parikh matrix associated

with its Lyndon conjugate, L(w).
In order to illustrate this definition, we again consider the word from Example 3:

Example 9. Let ¥y = {a,b,¢,d} and w = abeda. Then L(w) = aabed, and we calculate the
L-Parikh matriz of w as the Parikh matriz of L(w),

2222
U1 (abeda) = V(aabed) = < 1 %> :
1

It is shown in [22] (see [10], for an explicit description) that there exist transformations that,
when applied to a word, create a new word that is amiable with the original. For non-binary

alphabets, a Type 1 transformation is given.

Lemma 10 ([22]). Let w,w’ € ¥} with n > 3. Then w transforms into w' using a Type 1

transformation if w = wia;ajus and W' = uia;a;ug, where uy,us € ¥, a;,a; € Xy, and |i — j| > 2.
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For binary alphabets, in [10], a second type of transformation is described, referred to as a

Type 2, that allows us to check if certain words are amiable without constructing their matrices.

Lemma 11 ([10]). Let w,w’ € ¥5. Then w transforms into w’ through a Type 2 transformation if

w = xajasyasarz and w' = xasaiyaiasz, or vice-versa, where x,y,z € X3, a1 # ag and ay,as € Y.

It was proven that Type 2 transformations characterise all binary amiable words, but not all

ternary words.

Remark 12. Since binary amiable words are fully characterised by Type 2 transformations, that
is we can obtain one amiable word from another through a series of Type 2 transformations, for
a binary word w € X3, if w is unambiguous, namely |A(w,¥)| > 1, then |wl,,|w|y, > 2, since

otherwise such transformations cannot be applied.

For ternary alphabets, the authors give in [15] an extension of Lemma 11. We make use of this

theorem in the proofs presented later on.

Theorem 13 ([15]). Let w € ¥3 be a nonempty word and t an integer with t > 1 such that w

contains t occurrences of factors of the form B = a;, a5, oraj, a;,, for 1 <k <t, where
® O < E‘j;,; Ay, Ay, S 237 |Z/€ _.]k| =1 (1 S k S t)7
o Ifw=ualyy =28y withx,y,z',y € T andn #r, then ||z|—|2'|| > 1, ||zan| — |2 ar|| > 1;

d 22:1 (e — i) Uk + ik — 4)|ak|a6—7‘,k—jk =0

Then w and w' are amiable, where w transforms into w’ through a series of Type 2 transformations

by replacing all occurrences of By, with B, = aj, a;, 0ka;, aj,, .

3. P-Parikh Matrices

In this section, we examine when and by how much P-Parikh matrices help reduce the ambiguity
of a given word. When we refer to a reduction in ambiguity using P-Parikh matrices, we mean that
the number of words described by the original Parikh matrix and their respective P-Parikh matrices
for some set S C X, is strictly less than the total number of words described by the original Parikh
matrix alone, i.e., |[A{w, ¥y, ,Us}| < |A{w, Uy, }|

First we present an example of a P-Parikh matrix removing the ambiguity of a Parikh matrix

entirely.
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Example 14. Consider the word wy = abeda from Example 3, which is amiable with the words

wy = abcad, w3 = abacd and no others. Then we choose our set S = {a,c} and obtain

Us(ms(w1)) = ¥s(aca) = (* 1)
Us(ms(wz)) = ¥g(aca) = (* 1)

Vs (ms(ws)) = Ys(aac) = (* 7).

Therefore ws has a different Parikh matriz than wy and ws, and we can in fact uniquely describe

ws using a combination of its Parikh matriz and P-Parikh matriz when S = {a, c}. <

We next introduce some terms that are useful when describing how effective a given P-Parikh

matrix is at reducing ambiguity.

Definition 15. Given a word w € X*

n’

we call ¥(w) P-distinguishable if either |A(w, V)| =1 or
there exists a word w € X% and a set S C X, such that Uxn(w) = ¥x(u) and ¥g(w) # Pg(u).
In the latter case we say that w and u are P-distinct, with respect to S. Furthermore, we call w

P-unique if there exist sets S1,S9,...,Sm C 3y such that |A(w, ¥, ¥g, , Vg,,..., g )| =1.

Now we use these terms to examine words whose ambiguity can be reduced using P-parikh
matrices, namely those that contain any length two factor where the two letters they consist of are

not equal or consecutive in the alphabet.

Proposition 16. For any word w € ¥ with a factor a;a; where |i — j| > 1, we have that ¥(w) is

P-distinguishable.

Proof. Since |t — j| > 1, if w = wja;a;ue where ui,us € X*, then w’' = wuja;a;us is amiable to
) J ’ n’ J

w, following Lemma 10. Without loss of generality, take S = {a;, < a;}. Then Vg(rg(w)) #

€ Ug(mg(w)) and |w’

Ug(ms(w')), since |[W|aa, = |T5(W)|a;a,, |w aia € Ug(mg(w')), and

[wlaa, 7 [0']a,a,- O

a;aj

It is simple to identify words that have such factors by comparing adjacent positions in the word.
We can use this to find a lower bound for the proportion of words that are uniquely identified for

a given alphabet and word length.

Proposition 17. The number of words of length m in %, that are reduced in ambiguity by P-Parikh

matrices is bounded below by (n™) — (n x 3m~1).
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Proof. The result is straightforward. To see that this is true, note that in a word for which the
ambiguity cannot be reduced by P-Parikh matrices except for the first letter all of the other m — 1
positions are depending on the previous one, since they can be only equal to it, or the letters
immediately preceding or following it in the lexicographical order, following Proposition 16, i.e., if
a; occurs in position j, then the j + 1th letter is in the set {a;,a;—1,a;+1}. So, the stated bound

for the number of P-distinguishable words follows. O

Notice especially that as the alphabet size and word length get larger, the proportion of words
which are reduced in ambiguity by P-Parikh matrices also gets larger. We therefore conclude that
the use of P-Parikh matrices reduces ambiguity for a larger ratio of words for bigger alphabets
rather than smaller.

There also exist words for which P-Parikh matrices do not reduce ambiguity. The following,
straightforward observation says that if our choice of a subset consists of only consecutive letters

of the initial alphabet, the corresponding P-Parikh matrices are not P-distinguishable.
Remark 18. If all elements in S C ¥, are consecutive in X, then |A(w, Uy, )| = |A(w, ¥y, , Ug)l.

The result of Remark 18 strengthens the one of Proposition 16 by telling us that the ambiguity

of words defined over binary alphabets is not reducible by any P-Parikh matrix.

Corollary 19. There does not exist a Parikh matrixz that describes binary words whose ambiguity

can be reduced by P-Parikh matrices.

Furthermore, there exist non-binary words for which P-Parikh matrices do not remove ambiguity,
namely those that are not P-unique. We end this section by giving two classes of words whose

ambiguity are not reducible by P-Parikh matrices, no matter how we choose the set S.

Proposition 20. Consider two words w,w’ € X with the form w = wia;a;va;a;us and W' =
u1aja;va,a;us, where a; < aj € Xy, and ui,us € X%, If v € {ar € Bpla; < ap < a;}*, then for all

S CX,, we have Ug(mg(w)) = Ug(mg(w')).

Proof. Firstly, if a; = ar, = a;, equivalence clearly follows, as w = w’. Now, let a; < a;.
In the case where S contains either only a; or a;, then mg(w) = mg(w’) since a; and a; are the
only letters that swap places in w’ compared to w. Since mg(w) = wg(w'), clearly Ug(mg(w)) =

Ug(mg(w')) follows.

10
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If S = {a;,a;}, then, mg(w) is a binary word and can be transformed via a Type 2 transforma-
tion, from Lemma 11, into wg(w’), so Ug(mg(w)) = Tg(mg(w')).

Next consider that {a;,a;} C S, |S| > 2, and S contains no elements between a; and a;.
Then mg(w) = mg(ur)aajaja;ms(ug) and wg(w') = mg(ui)ajaa,a;mg(uz). Using an extension
from [15, Theorem 3] of the Type 2 transformations we can transform 7g(w) into mg(w’), and get
that Ug(mg(w)) = Ug(m(w)).

Finally, consider the case where .S contains a;, a;, and at least one letter that comes lexicograph-
ically between them. Then, mg(w) can be transformed into wg(w’) via two Type 1 transformations

on a; and aj, since a; and a; are not lexicographically adjacent in S (see Lemma 10). O

Before we give our next result, we first introduce an observation below that is used in the proof

of Proposition 22.

Remark 21. Let ¥ = {a; < as < --- < ar}. Then for all 1 <1i < k the following equation must

hold for any word w € ¥*.

|w‘aia¢+1 + |w aip1a; — |w|ai|w|ai+1 (1)

The ideas presented in Proposition 20 give rise to another class of words whose ambiguity is not
reducible by P-Parikh matrices, by loosening the condition on v and extending the length of the

word.

Proposition 22. Consider two words w,w’ € X¥ with the form w = U1a;;V100;0;0;V20;0;U2,
and W' = wiaja;v10,650,0,v205a;u2, where a; < a; € X, and u1,uz,v1,v2 € Xf. Let v =
vi[1Jv1[2] - v1[z] and va = va[l]va[2] -+ v2ly]. Then, w and w' are not P-distinct if and only if

lv1l,, = |val,, for all ap ¢ {ax|a; < ap < a;}, and at least one of the following conditions is true:

1. v1,v2 € {aglar < a;}*, and for £ < p, if va[p], v2[l] € {ak|ar < a;}, then va[p] < vol], and if
v1[p], v11€] € {arlar < a;}, then vi[p] > v1[€];
2. vy,v9 € {aklar > a;}*, and for £ < p, if va[p],v2[l] € {aklar > a;}, then va[p] > va[f], and if

vi[p], v1[€] € {ax|ar > a;}, then vi[p] < v1[f].

Proof. First we consider the only if direction. Clearly, if both vi,ve € {axla; < ar < a;}¥,
then w = a;a;via;0;a5a;v2a;a; is amiable to w = aj0;V1G;0;0;0;V2a;0;, from Proposition 20 and

Remark 21.
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If only one of v; and v is not in {axla; < ar < a;}*, then from Proposition 20 and Remark 21,
we know that w and w’ are not amiable under any P-Parikh matrix.

Let us consider the nontrivial case when neither vy nor v, are in the set {ax|a; < ar < a;}*.
Recall that we use |v|, to denote the number of distinct occurrences of u as a subword in v.

Suppose there exists a letter a, where ay ¢ {axla; < ax < a;}, and |v1|,, # |v2|,,. If a; < ay,

then |w| |w’

aiazae — W laia;a, = 01lq, T4X |v2],, =5 X |02y, = |v1],, —|v2],,. It follows that |wl, , ., =

|w'|aiajw if and only if |v1],, = |v2|,,. If az < a;, the same conclusion can be reached.
Now, suppose both v, and v, contain letters ay, a; where a < a; and ag > a; (notice that we
require the number of a’s and a,’s to be the same in both vy and v, which is why we only consider

the case where both letters are in both subwords). Then,

(@lagaiasar = 1 lagasazar = [V1lay X [02la, =3 X [01]g, X [0alg, = =2 X Jv1]4, X [v2l,,-

So, v1 and vo may only contain letters that are all less than or equal to a;, or all greater than
or equal to a;.

Finally, we must confirm that any subword count containing multiple letters on one side of
a; and a; are equal. Let us start with a subword counting 2 letters on one side of a;,a;. Let
ai,,ak, € {arla; < ap}, and let S = {a;,a;,ar,,ar,} (the case where ay,,ar, € {arlar < a;} is
quite similar). Then, by denoting |w|g, for a word w and set S, as the number of occurrences in w
of subwords permitted by the set S and the order of the alphabet, we have

wlg = 1w'lg = Vil{a,, any T4 % V2l 0y, any T 101la, X V2la,, =5 % V2lia, a0y @
= |U1|{ak17ak2} + \vl|ak1 X |02\ak2 — |v2|{ak17ak2}.

Clearly we have that |“‘{a7¢,aj} < |ul,, x |u|aj. Since |Ul|ak1 = |’02‘ak17 and |vl\ak2 = \v2|ak2, we
have that |v1|ak1 X |v2|ak2 is the maximum possible value for both ‘U1|{ak1,ak2} and |v2|{ak17ak2}. So,
from Equation (2), we need ‘U2|{ak1,ak2} - |v1|{ak1’ak2} = |U1|ak1 X |v2|ak2. Since both \v1|{ak1,ak2}
and |U2|{ak1 ar,} st be non-negative, and |v; |Cbk1 X |”2|ak2 is the maximum possible value for both

v ‘{akl ar,} and |U2|{ak1 ar,,}» i order to satisfy the equation, we need |v2|{ak1 ar,} = |v1|ak1 X |v2|ak2
and vy {an, ar,} = 0- This occurs exactly when all ax, precede all ay, in vz, and all ay, precede all
12 2
ap, in vg.
Now we must prove the if direction. Moreover, we show that for any length subword, if the given

word w satisfies either Condition 1 or Condition 2, then w’ is amiable to w. Let ay,, ag,,...,ax,, €

m
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{ax|a; < ar} and S = {a;, a;,a,, ks, - .., ax,, }. The case where ay,, ak,, ..., ar,, € {ar|lar < a;}is

similar. Then we b ol 4] = 0, 92l ) + 45 Pl )~ 5% Dol

However, we know that |v1], = |v2],, ~and since all ay, precede all other a, in vy we can
1 1

hence conclude that |v1|ak1 X |’U2|S\{ﬂi7ﬂjyakl} = \v2|s\{ai7a1}. Therefore we have |w|g — |w'|g =

5 X |’U2|S\{ai,aj} -9 X |U2|S\{ai»aj} =0.

In other words, the above statement says that two words are not P-distinct if both v; and vy
are defined on the subset of the alphabet which is either lexicographically bigger than a; or smaller
than a;, and they share the same Parikh vector for the subset of letters which are not in between a;
and a;. Furthermore, if v; € {ait1, @iy, ...,a,}*, then all the letters which are lexicographically
greater than a; must occur in v; in decreasing lexicographical order and in v in increasing order.
On the other hand, if v1 € {a1,a2,...,a;-1}%, then all the letters which are lexicographically
smaller than a; must occur in vy in lexicographical order and in v, in decreasing lexicographical

order.

4. L-Parikh Matrices

Proposition 17 shows that, in many cases, the set of words that share both a Parikh matrix and
a P-Parikh matrix (with respect to a certain alphabet and subset S of that alphabet) is smaller
than the set of those that share only a Parikh matrix. However, following Corollary 19, we also
know that this never happens for binary alphabets. Hence we now study L-Parikh matrices as an
alternative method of ambiguity reduction.

We focus on binary alphabets, although IL-Parikh matrices can also be effective for any non-

unary alphabet, as illustrated by the following example:

Example 23. Consider the word wy = abeda from Example 3, which is amiable with the words

wy = abcad, ws = abacd and no others. We then observe that:

2222 2111 2111
\I/L(wl)zlll(aabcd):< e %> U (we)=V(abcad)= < t }> U (w3)=Y(abacd)= < i %> )
1 1 i

Therefore wy has a different IL-Parikh matriz than we and ws, and we can in fact uniquely describe

wy using a combination of its Parikh matriz and L-Parikh matriz.

13



326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

We begin this section by explaining the motivation for choosing the Lyndon conjugate of a word
and then work towards our main result where we characterise words whose ambiguity is reduced
by the use of L-Parikh matrices.

As indicated by Definition 8, the concept of L-Parikh matrices is based on a modification to
the word that results in a change in the order of letters. The following theorem implies that the
strategy of altering a word is not always a successful method of ambiguity reduction. Note that

V,., refers to the Parikh matrix of the reversal of a word.
Theorem 24 ([10]). For any word w, A(w, ¥) = A(w, ¥, Uyey).

Unlike Theorem 24, IL-Parikh matrices use the conjugate of a word. The next proposition implies

that such conjugates need to be chosen wisely.

Proposition 25. Consider two words v,w € X* with ¥(v) = ¥(w). For any factorisations v = v1v
and w = wiws such that |va] = |wa| and one of the matrices VU (v), ¥(vovy), U(wew1) contains at
least one non-zero element that is not on the diagonal, we have that U(vovy) = ¥(wowy) implies
d(v2) = @(wsz). In the case of binary alphabets, when Yo is considered, the reverse direction also

stands, namely ¢(vy) = ¢(ws) implies V(vavy) = U(wowy).

Proof. First we consider the statement that applies to any size alphabet.

We know that ¥(vev;) = U(wew;) and must prove that ¢(ve) = ¢(wz). This is done by
contradiction. Let us assume that ¥(v) = ¥(w) such that ¥(vev1) = U(waew;) and ¢(ve) # P(ws).

Since ¢(va) # d(wa), there is at least one letter in the alphabet X for which the number of times
it occurs in vy is not equal to the number of times it can be found in wy. We assume without loss
of generality that the first letter this inequality occurs for is a. For any other cases, we just need to
consider the respective letter and the one following it. Observe that this situation is not possible
for the last letter of the alphabet, as in that case the contradiction is immediate.

We now consider the subword ab and find the number of occurrences of it as a subword in v and

w, and in vovy and wowy, respectively,
V() =¥(w) = [v]ap = [wlap
= |viab + [V2]ab + [Vilalv2]s = |Wilab + [w2la + |w1]a]wals (3)
U(wowy) = ¥(vov1) = |wawilas = [v201]ap

<= |wilap + |walap + (walalwils = [vi]ab + [v2]ab + [V2]a|v1]6- (4)
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Now we add Equations (3) and (4) together to obtain
|v1]alv2ls + [walalwilo = |wilalwels + [v2]alv1]s. (5)

We again assume without loss of generality that |va|, > |w2la-

There are three possible cases for the relationship between |v1|p and |wy|p. Either |va|p = |walp,
[valp < |walp or |valp > |walp.

First we assume that |va|, = |wa|p. Thus we also have that |vi|, = |w1lp, since the Parikh
matrices for v and w are equal. If the equality stands, then we can rewrite Equation (5) as follows,

with © = |va|p = |walp and y = |v1]p = |w1lp,
z|vi|q + ylwala = z|wile + ylvala-

Since |val|q > w2, and ¥(v) = ¥(w), we must also have that |vi|, < |wi|e. This means that
both remaining components on the left hand side of the equality are less than those on the right
hand side. Therefore we reach a contradiction and our initial assumption that |vs|, = |ws]p is false.

Next assume |va|p < |wa|p. Then

V(o) =V(w) = |vifa+ |v2fa = [w1]a + [wala = [01]a < [wila,

U(v) =U(w) = |vifp + [v2lo = Jwilp + [walo == [v1]p > Jwilp.

If we now apply all of these inequalities to Equation (5), we find that all components on the left
hand side of the equality are less than those on the right hand side, and the equality cannot be
true. Hence also our assumption that |va|p < |wa|p is false.

The only remaining possibility is that |va|, > |wa|p. In this case we can apply the same method
to the subword bc and we eventually obtain the inequality |va|. > |wz|.. If we repeat the process
iteratively for all subwords of length 2 that are admitted by the order of the alphabet, we find
for every letter e € X that |vale > |wz|.. But following the Proposition’s statement we have
|va| = |wz|. We therefore get a contradiction and our initial assumption that ¥(v) = ¥(w) and
U(vovy) = W(wows) and ¢(ve) # d(wy) was false.

We can therefore conclude that whenever ¥(vivg) = U(wiws) and ¥(vev;) = ¥(waw;), we have
that ¢(v2) = d(w2).

Now for the statement that only applies to a binary alphabet. We prove this through contra-
diction by assuming that ¢(ve) = ¢(ws), U(v1v2) = ¥(wiws) and W(vevy) # U(wawy).
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If U(vav1) # V(wawr) and ¥(vivg) = ¥(wiws), since ¢(ve) = @(ws) we have |vavy|ap #

|wawi |qp. Furthermore,

[V2v1]ap # |Wowi|ay <= |V2]ab + |V1]ab + |V2]alv1 ] # [W2lab + (W1 ]as + |wala|wi]s

— ‘U2|ab + |U1|ab 7& ‘w2‘ab + |w1|ab~
But from the assumption that U(vivs) = ¥(wyws), we have that
[va]ap + [V1]ab + [V1]alv2]6 = |walap + [wilab + |wilalwals,

and because ¢(vy) = ¢(ws), which implies that ¢(v1) = ¢(wq), we have that |ve|es + |v1]ap =
|wa|ab + |w1]as. Hence we have a contradiction and our initial assumption that when ¢(ve) = ¢(w2)

and U(vjvg) = U(wiws), we get that W(vavy) # U(wews) is false. This concludes our proof. O
Below is an example that shows the significance of the condition |vs| = |wz| in Proposition 25.

Example 26. Consider the words v = baabbaaaaabbbb with vy = aaaaabbbb and w = aabaabbbbaaabb
with we = aaabb. One can easily find that ¥(vav1) = U(wow) = (7). Furthermore, we have that
U(v) = ¥(w), Y(vav1) = ¥(wowr) and |va| # |wa|. However ¢(v2) # ¢(w2), since ¢(v2) = [5, 4]

and ¢(we) = [3,2], and therefore |va| = |wa| is important in the context of Proposition 25. q

We also show through an example the importance of the condition that at least one of the
matrices W(v), ¥(vqv1), U(wew) contains at least one non-zero element that is not on the diagonal
in Proposition 25.

Example 27. Consider the words v = ac with va = ¢ and w = ca with we = a. Clearly |va| = |wa|
and ¢(vg) # ¢(ws). However, ¥(v) = U(w) = VU(vgvy) = ¥(wow;) = <O 8§>. This is due to the
lack of any lexicographically adjacent letters in any of the four words. Hence the property that at

least one mon-zero element that is not on the diagonal of at least one of the three Parikh matrices

is an essential one for Proposition 25.

An example for the ternary alphabet where W(vovy) # W(wowp) even though we have that
U(v) = U(w) and ¢(va) = ¢(ws) is given below. Note that if ¢(ve) = ¢(ws), then |wa| = |val.

Example 28. Consider the words v = cbbaaabb with vo = aabb and w = cabbbaab with we = baab.
We have U(v) = U(w) and, moreover, |wa| = |va| and ¢(ve2) = ¢(ws). Nevertheless, we have in

this case that W(vavy) = Y(aabbebba) # W (baabcabb) = W (wawy). N
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Since the statement that applies to binary alphabets from Proposition 25 does not hold for
ternary alphabets, we conclude that in fact it does not hold for any alphabet of size greater than 2.
Furthermore, by inspecting the case where |vs|p > |wa|p in the proof of Proposition 25, we make

the following remark regarding the binary case.

Remark 29. Consider two binary words v,w € ¥* with U(v) = U(w). If v = vivy and w = wiws

with ¥(vav1) = U(wawy), then either ¢p(va) = d(wa), or |vale > |wale and |va|y > |walp.

Proposition 25 shows that when looking for a modification that we can apply to a word to find
a new and different Parikh matrix, we need to consider conjugates of amiable words where it is
less likely that the Parikh vectors of their right factors are the same, i.e., conjugates obtained by
shifting the original words a different number of times, respectively.

Let us now consider how using LL-Parikh matrices reduces ambiguity. Throughout the rest of
this section we do not consider words that are uniquely described by their Parikh matrix, i.e., we
ignore any word w where |A(w, ¥)| = 1, since there is no ambiguity to be reduced here. For a word
w, we calculate ¥(w) and ¥, (w) and use both of these matrices to describe the original word. The
ambiguity of a word w, with respect to its Parikh and IL-Parikh matrices, according to Definition 5,
is the total number of words that share a Parikh matrix and an IL-Parikh matrix with w, namely
|A(w, ¥, ¥p)|. Therefore, a reduction in ambiguity means that [A(w, ¥)| > |A(w, ¥, ¥L)|.

We use the next definitions and propositions to build towards our main result where we charac-
terise binary words whose ambiguity is reduced using L-Parikh matrices. In line with Definition 15

we introduce the following notions.

Definition 30. Given a word w € ¥*, we call ¥(w) L-distinguishable if either |A(w,¥)| =1 or
there exists a word uw € £* with U(w) = ¥ (u), such that Vi (w) # Vi (u). In the latter case we say
that w and u are L-distinct. A word w is L-unique if |A(w, ¥, ¥p)| = 1.

Observe that if w and v are L-distinct, then A(w, ¥) = A(v, ¥) and A(w, ¥, ¥,) # A(v, ¥, ¥p).
The example below demonstrates the effectiveness of L-Parikh matrices for ambiguity reduction.
Example 31. Consider the words w = babbbaa, u = bbababa and v = bbbaaab with ¥(w) = VU (u) =
U(v). When considering the conjugates L(w) = aababbb, L(u) = abababb and L(v) = aaabbbb we
have that W (w) = (34), Ur(u) =(39), and U (v) = (3 '2). Thus their L-Parikh matrices are
all different and we can uniquely describe each of the words by using its Parikh matrix and LL-Parikh

matrix. <
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LL-distinguishability is a necessary property for ambiguity reduction with L-Parikh matrices.

Corollary 32. Consider a word w € ¥*. Then |A(w, ®)| > |A(w, ¥, ¥.)| if and only if ¥(w) is

LL-distinguishable.

The above characterisation of ambiguity reduction leads us to investigate sufficient conditions
for a matrix to be ambiguous, and therefore for any pair of words it describes not to be L-distinct.
Our next results consider the situations when the Parikh matrix of a word is not LL-distinguishable.
We demonstrate that the occurrence of words that meet the criteria outlined in each proposition is

rare either later in the paper or directly following the next proposition.

Proposition 33. For a word w € ¥*, if all words in A(w, ¥) belong to the same conjugacy class,

then ¥(w) is not L-distinguishable.
This proposition is a direct consequence of Definition 30.

Example 34. Let w = aababa and w' = abaaab. These two words are amiable with each other and
nothing else. Furthermore, L(w) = aaabab = L(w'"), and since both words share a Lyndon conjugate,

both words also share the same L-Parikh matriz. Therefore ¥(w) is not L-distinguishable. <

Now we move on to explore, for binary alphabets, the case where all words in A(w, ¥) belong

to the same conjugacy class in more detail. Recall that C(w) refers to the conjugacy class of w.

Proposition 35. Consider a binary word w € 3. For all uw € A(w, V), we have L(u) = L(w) if

and only if C(w) is closed under Type 2 transformations.

Proof. First consider the if direction where we have that C'(w) is closed under Type 2 transforma-
tions. This means that applying a Type 2 transformation to any word in C'(w) results in a conjugate
of the original word, namely a word which is also in C(w). We know that Type 2 transformations
classify binary words that share a Parikh matrix. Hence the Parikh matrix, ¥(w), of any word in
C(w) only describes other words in C'(w). Therefore, all words associated to ¥(w) are members of
the same conjugacy class and hence share the same Lyndon conjugate.

Now consider the only if direction. We have that L(u) = L(w) for all u € A(w, V). Consider
two words v = zabybaz and v’ = zbayabz, where v,v’ € A(w,¥) and z,y,z € ¥5. Since Type 2

transformations characterise binary alphabets, we know that if w is unambiguous then such words
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exist and v’ can be obtained from v through Type 2 transformations, and vice versa. Also, since
v,v" € A(w, V) and therefore L(v) = L(v'), we have that v and v’ are conjugates.
Now consider the possible conjugates of v and v’. Let us take all possible factorisations z = x1x2,

y = y1y2 and z = z 29, respectively. Since ¥(v) = ¥(v’) we have, for all 0 < |z1| < |z|, that

U(zoabybazxi) = ¥(zobayabzay). (6)
For all 0 < |y1| < |y| we have that

U (yabazrabyy) = ¥ (yeabzzbayy). (7)
Finally, for all 0 < |z;| < |z| we have that

U(zozabybaz,) = U(zaxbayabzy ). (8)

It is not difficult to see that all of the words described in Equations (6), (7) and (8) are from the
same conjugacy class as v and v, namely C(w) according to our hypothesis.

The only other words from the respective conjugacy class are: bybazxa,ayabzxb, azxabyb and
bzxbaya. Clearly we cannot apply a Type 2 transformation here, as one of the ab or ba factors we
wish to use for the transformation are split across the start/end of the word. Hence we ignore these
cases as they are considered for different values of v and v’.

Therefore every conjugate of v and v’, which are conjugates of w themselves, can be transformed
through Type 2 transformations to obtain other conjugates of w. Note that every word in A(w, ¥)
can be obtained from another word in A(w, ¥) through Type 2 transformations. Hence by applying
this process to every word and its transformed counterpart, and thereby covering every possible
occurrence of a Type 2 transformation that exists in every conjugate of w, we find that only con-
jugates of w can be obtained by applying Type 2 transformations to conjugates of w. We conclude

that C'(w) is closed under Type 2 transformations. O

We now prove a property that is true for all words whose conjugacy class is closed under Type 2

transformations.

Proposition 36. Consider a binary word w € ¥5. Then C(w) is closed under Type 2 transfor-

mations if and only if L(w) € {aabb, ababbb, aababb, aabbab, aaabab}.
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Proof. The if direction is easily proven by checking the property for every word in the conjugacy
class of the words in the set A = {aabb, ababbb, aababb, aabbab, aaabab}.

Let us define a block of a letter to be a unary factor of a word which is not extendable to the
right or the left. For the proof of the only if direction, in order to show that a conjugacy class is
closed under Type 2 transformations, we need to show that, in a given word, there are no positions
to which we can apply a Type 2 transformation that create a new word that is not a conjugate of
the original. We can thus restrict ourselves to only Lyndon conjugates of each class from now on,
and prove this statement by therefore considering maximal blocks of a’s at the start of our words.

In particular, we show that a conjugacy class is not closed under Type 2 transformations by
identifying a position in a word that we can apply a Type 2 transformation to such that it produces
a word that is not a conjugate of the original. That is, the transformation either alters the size of
the initial block of a’s or changes the number of blocks of a’s within the word, and therefore must
create a word that is not a conjugate of the original. We show that this is possible for all binary
words except for those in the predifined set A.

Let » be the number of consecutive a’s at the start of the word and m be the number of
consecutive b’s that immediately follow the first block of a’s. Since we only consider Lyndon
conjugates, we know that n is the largest number of consecutive a’s in the word. Moreover, we
assume that every word that we consider has at least 2 a’s and 2 b’s, to ensure that a Type 2
transformation can always be applied to at least one conjugate of that word.

To begin, consider Lyndon words with only one block of a’s, namely words of the form a"b™.
npm—1

Applying a Type 2 transformation to any conjugate ba of our word, we create a word with 2

blocks of a’s, namely
baa" 2abb™ % — aba" 2bab™ 2,

unless n = m = 2, which is the first element in our exceptions set, aabb € A.

Now consider the case where a word has two blocks of a’s. Let us define positive integers s and
t, and therefore investigate words of the form a™b™a®b* with n > s.

First consider the case where n = 1. When m = 1, our word must be of the form abab® with
t > 1, since we only consider Lyndon conjugates and we cannot apply a Type 2 transformation to

any conjugate of the word abab. Consider the Type 2 transformation applied to one of its conjugates

abab® — bababb!=? — abbbab® 2.
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Clearly these words are conjugates only for t = 3, which is our second exception, namely ababbb € A.

When m > 2 we consider the Lyndon conjugate ab™ab>™. Applying the Type 2 transformation
abb™ *bab”™ — bab™ *abb=",

allows us to obtain a word that is not a conjugate of the original since now the size of the shortest
block of b’s in the word is m — 2 < m (every block of b’s follows a single a).

Now consider the case when n > 2 and the application of the following Type 2 transformation
a"b™a*bt — baa™ *abb™ 'a*b'"! — aba™ 2bab™ tatb' T .

Let us consider the cases when this transformation results in conjugates of a™b™a®bt. If n = 2
and n = 3 we obtain that the only words that remain conjugates after the transformation are
aabbab, aaabab and aababb. All of these words are included in our predefined set A. Moreover, for
n > 4, we find that we obtain a conjugate after this transformation also when n = s+ 2, m =1

and ¢t = 1. If we substitute these values into the above transformation, we have that
a"ba"%b — aba™ *baa™ 2.

However, in this case when we consider applying yet another Type 2 transformation

abaa™ *abaa""? = aaba™ *baaa™

we obtain a word that has two blocks of a’s, one of size n — 4 and one of size n + 2. However, since
n is the largest block of a’s in the original word we obtain contradictions in the case of all binary
words with 2 blocks of a’s and n > 4.

In the case of 3 or more blocks, we apply the Type 2 transformation by using the final a in the
last block and the b that follows it to be our ab, and choose the first ¢ in the second block and the
b that precedes it to be our ba. Please note that in all such cases either the size of the first block
of a’s increases, or it remains the same, but in this case the size of the block of b’s following it
decreases. In the latter of the cases, we also have an increase of the number of blocks of a’s in the
word. Both of these situations lead to the construction of a word that is lexicographically smaller

than the word we have started with. This concludes the proof. O

By Propositions 35 and 36, the following assertion holds:
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Proposition 37. Consider a binary word w € 5. Then L(u) = L(w), for all u € A(w,¥), if and
only if L(w) € {aabb, ababbb, aababb, aabbab, aaabab}.

We now look at the case where all words associated to a Parikh matrix are the Lyndon represen-

tatives of their respective conjugacy classes, which again makes this matrix not L-distinguishable.

Proposition 38. Consider a word w € £*. If |A(w, V)| > 2 and for every u € A(w, ¥) we have
u= L(u), then VU(w) is not L-distinguishable.

Proof. Since for every u we have that « = L(u), we also have that U(u) = U (u) = ¥(w) for all
u € A(w, ¥). Hence there exists no word v where ¥(v) = ¥(w), and ¥ (v) # ¥ (w). Therefore
U (w) is not L-distinguishable. O

An example of this situation is described below.

Example 39. The words w = aaaabaabbb and w' = aaaaabbabb are only amiable with each other
and both are the Lyndon representatives of their respective conjugacy classes. Therefore, U(w) =

U(w') =V (w) =Vr(w') and ¥(w) is not L-distinguishable. q

For binary alphabets, we examine in greater detail when all words in A(w, ¥) are the Lyndon
representatives of their conjugacy classes. The next result provides a necessary and sufficient

condition, and therefore the complete characterisation, for this case to occur for binary words.
Proposition 40. Consider a binary word w € ¥5. Then the following statements are equivalent.
e For all u € A(w, V), we have that w = L(u).
o w = a*vb* and for n = |v|p,, we have that [v|g = 2n and |v]y =n + 1.

Proof. Let us initially consider words of the form w = a*vb* where for n = |v|p, we have |v|, =
2n = z and |v], = n+ 1 = y. For this direction, we first show that w = L(w), then move on to
show that only words of the form a*vb* are associated to ¥(w).

If w = v, since |v|, = 2n and |v|p, = n, then there must be a minimum of n occurrences of a’s
before the first b, otherwise |v|p, > n. Furthermore, since |v|, = n + 1 and |v|p, = n there must be
a minimum of one b after the last a.

Let us now consider the factor z that begins with the first occurrence of b and ends with the

last occurrence of @ in v. Then |v|p, = |2]pa =N, |2]a < n and |z|p < n. Hence |z| < 2n.
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For a word to be the Lyndon conjugate of its class, the block of a’s at the start of the word
must be greater than or equal to any other block of a’s in the word, and the word must end with
at least one b. We already know that v ends with at least one b so let us now consider the a’s at
the start of v. There are two cases for the number of a’s here. Note that since there are at most n
occurrences of a in z, there must be at least n occurrences of a before z. We know that there are
no a’s after z since, by definition, it ends with the last occurrence of a in v. If there are more than
n consecutive a’s at the start of v, then |z|, < n and we clearly have that v = L(v). Otherwise,
there are exactly n consecutive a’s at the start of v. This implies that |z|, = n, from |v|, = 2n.
Therefore, since |z|p, = 1, we have that |z|, = 1. By definition of z, this b is the first letter, so the n
occurrences of a must be consecutive. Hence v = a™ba™b™, which clearly is a Lyndon representative
of its conjugacy class.

Next consider a word of the form w = a*vb*. If we add any number of a’s to the start of a word
that is already the Lyndon conjugate of its class, then that word remains the Lyndon conjugate of
some class. The same holds for adding any number of b’s to the end of a word that is the Lyndon
conjugate of its class. Hence w = a*vb* = L(w).

We showed that if we have a word w = a*vb* such that n = |v|p, With |v|, = 2n and |v|p, = n+1,
then w is the Lyndon representative of its conjugacy class. Next we show that if a word has this
form, then it is amiable only with words that can also be written as such.

Let w’ be a word that is amiable with w. We know that a series of Type 2 transformations can
be applied to w to obtain w’. Our aim is to show that this series of transformations can only be
applied to w in such a way that w’ can always be written in the same way as w.

Note that since ¥ (w) = ¥(w’), we conclude from Theorem 24 that |w|p, = |w'|pe = n. Moreover,

since |w|, = |w'|q and |w|p = |w'|p, we can rewrite w and w’ as
w = a"vb® and w' = a"v'b®,

where for |v|p, = [v'|pa = n, we have that |v|, = |v'], = 2n and |v|p, = |v'|, = n + 1. If this was not
the case for w’, then either w’ would have a b in the first  positions, or an a in the last s positions.
However, in both of these cases contradictions would be reached with respect to the total number
of ba’s in the word, as |w'|, = 2n+r and |w'|, =n+ s+ 1.

Following our above reasoning in the case of w, since w’ € a*vb*, we have that also w’ = L(w'),

which concludes the proof for the first direction.
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Now assume that the words wy, ws, ..., w; € A(w, ¥) are pairwise distinct Lyndon conjugates,
where |A(w, ¥)| = k. Without loss of generality, we assume that w; <jep wj, for 1 <i < j <k,
and denote |w;|,, = m. To prove this direction, we enumerate all words of this form and describe
the properties which these words must have. Furthermore, note that words of the form a*b* are
uniquely described by their respective Parikh matrices, and comply with our description, hence we
do not include these in our subsequent search for words that are associated to matrices that only
describe Lyndon representatives of their conjugacy classes.

We start by observing that since |A(w, ¥)| = k and w; is the smallest lexicographical element
of the set A(w, ¥), then w; € a/b™ab® with j,¢ > 0. Indeed, since |wy |, = m and our word has at
least two blocks of a’s, if the first block of b’s is of size greater than m or the second block of a’s is of
size greater than 1, then we get a lexicographically smaller word through a Type 2 transformation.

In the same way, we can now look at wy, the largest lexicographical word in A(w,¥). It is
straightforward that, since |wy|p, = m, following the above reasoning, wy € a’/~™*+1ba™pt+m—1
with j —m + 1 > m. However, this means that in fact for each w;, where 1 < i < k, we have that
|wile > 2m and |w;|p > m + 1. Since there exists a series of Type 2 transformations that applied
to such a word leads to w; and another that leads to wy, we conclude that each of them must be
of the form w; = a*vb* with m = |v|p, and |v|, = 2m and |v|, = m + 1.

This concludes the proof for our second direction. O

The following example shows how the previous result can be used to construct a class of Lyndon

conjugates that share the same Parikh matrix.

Example 41. Following Proposition 40, consider n = 3 and look for all possible words with this
property. We begin by finding all minimal length binary words that contain 3 subwords ba. These are
baaa, baba and bbba. Next add a’s to the front and b’s to the end of each word, respectively, so that
we have a total of 6 a’s and 4 b’s per word: aaabaaabbb, aaaabababb, and aaaaabbbadb. Finally, any
number of a’s and b’s can be added to the front and end of each word, respectively: a*aaabaaabbbb*,
a*aaaabababbb*, and a*aaaaabbbabb®. Hence we know that any word of this form is the Lyndon
representative of its conjugacy class and shares a Parikh matrix with the two other words stated

above. For exzample, ¥(a*aaabaaabbbb®) = ¥ (a*aaaabababbb®) = ¥(a*aaaaabbbabb®) = (8°3). <

Thus far, we presented sufficient conditions for two amiable words not to be L-distinct. Our

main result (Theorem 48) shows that these conditions are in fact also the necessary ones. We first
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present an important observation that we use in the proofs throughout the rest of this paper. For

any word w = wywy with L(w) = wawy, we call wy the right Lyndon suffix of w.

Remark 42. Consider a binary word w € X3 with ¥o = {a, b} such that w = ubav # L(w) = avub
and there exists at least one factor ab in u and/or v. Then applying a Type 2 transformation to w
using the occurrence of ba on position |u| + 1 and any distinct occurrence of ab in w results in an

amiable word with the right Lyndon suffic starting in a position different than |u| + 2.

This is clearly shown by examining w before and after the Type 2 transformation is applied.
After applying the Type 2 transformation we have w’ = u'abv’. There is now a b in the |u| +
2th position of w’, and since we know that there exist at least two a’s in w from the Type 2
transformation, it is not possible for the Lyndon conjugate to begin with a b.

The following tools are used in the proof of the final result. We start with a lemma that tells
us that if the Parikh vectors of the right Lyndon suffixes of two amiable words are different, then

the lengths of these factors must also be unequal.

Lemma 43. Consider the words w = wiywa = zabybaz and v = vivy = zbayabz with w,v € 33

and a,b € ¥, such that wy,wa,v1,v2 # € and wewy = L(w) # L(v) = vovy. If ¢(wa) # ¢(va), then

|wa| # [va].
Proof. If ¢p(ws) # ¢(ve), then either |wy| # |va], or |wa| = |va| with wy and vy containing a different
number of a’s and b’s. Next we consider the latter case where ¢(wq) # ¢(v2) and |wa| = |va].

We know from the statement that only one Type 2 transformation needs to be applied to get
from w = zabybaz to v = zbayabz. Clearly if wy and vs start anywhere in x,y or z, we do not
meet these conditions (their number of a’s is equal). The same is true if wo and ve begin with the
first letter of either of the pairs of letters that were changed in the transformation. Hence the only
remaining cases are ws = bybaz and vy, = ayabz, or we = az and vy = bz.

However, since ws and vy represent the start of the Lyndon conjugates of w and v, respectively,
none can start with a b when the word contains a’s. Hence neither of these cases is possible, and

we conclude our proof. O

Furthermore, if two amiable binary words are not the Lyndon representatives of their conjugacy

classes, then their corresponding right Lyndon suffixes start at different positions.
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Proposition 44. Consider a binary word w € X} with w = wyws and L(w) = waw; # w.
If |[A(w,W)| > 2, then there exists a word v = ujus € A(w,¥) with L(u) = uguy, such that

|uz| # |wal.

Proof. We prove this by contradiction. We assume that the right Lyndon suffix of every word
associated to ¥(w) begins in the same position ¢ within the respective words, and show that by
using the letter in position £ we can apply a Type 2 transformation to one of these words as to
obtain another amiable word whose right Lyndon suffix begins in a different position.

Let w = xabybaz and v = xbayabz, where z,y,z € ¥5 and a,b € ¥3. We know that v must
exist since we assume that w is not unambiguous, and also know that Type 2 transformations fully
characterise amiable binary words (see Remark 12). Recall that the starting position in w and v of
their respective Lyndon conjugates L(w) and L(v) is £.

First consider the case where ¢ < |z|. Since w # L(w), we conclude that there must be at least
one b right before the ¢th position. Using the first @ in L(w) and the b that immediately precedes
it, together with the ab that follows x, we apply Remark 42 and hence find a word that is amiable
with w and whose right Lyndon suffix starts in a different position.

Now we move on to consider if || +3 < £ < |z| + 2 + |y|. We use the a at the ¢th position
and the b that immediately precedes it to form our ba. Observe that this b exists and in fact
£ > |x| + 3 since otherwise the start of the right Lyndon suffix in v is at position |z| + 2, which is
a contradiction. We can now use the ab following x in w, together with the ba in position £ — 1 in
a Type 2 transformation. By applying Remark 42 we conclude that the right Lyndon suffix of the
new word begins in a different position to ¢, again.

Next we consider when |z| + |y| +5 < ¢ < |z| + |y| + 4 + |2|. We know that there must be at
least one b in z before the £th position, since only a string of a’s before ¢ implies that L(w) begins
at the |z| + |y| + 4 position, which is outside of z. Hence we use Remark 42 to transform w into a
word that is amiable with the original whose right Lyndon suffix cannot begin in the ¢th position.

Finally, we consider if L(w) begins at either the |z| 4+ 1 position or the |w| — |z| — 1 position
rabybaz — rbayabz.

Clearly v has b’s in the two positions where L(w) could have began, so we do not have a right

Lyndon suffix beginning at either of these positions. This concludes our proof. O
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In line with the above result we also have the following consequence. Note that according
to Proposition 33, if all words in A(w, ¥) belong to C(w), then ¥(w) is not L-distinguishable.
Therefore, the main feature of the following result is that for all words both them and their (distinct)

respective Lyndon representatives are present in A(w, ¥).

Proposition 45. Consider a binary word w € X5 with L(w) # w. If for every v € A(w,¥) we
have L(v) € A(w,¥), then V(w) is L-distinguishable.

Proof. Let us take w to be the largest lexicographical word in A(w, ¥) with |w|p, = m, while |w|, =
p and |w|, = s. In this case we have that w € {bP~taP~1bab*=P bP~1aPb*—PFL aqP=mbamps—1},
depending on the relation between p and m, where s > m. Since in A(w, ¥) there exists at least a
word which is not the Lyndon representative of its class, we are guaranteed that such a w exists.

If w = bP~LaP~tbab* P, then L(w) = aP~'bab®. However, in this case we have that |L(w)|p, = 1
and since p < m (this is the current situation we consider as to obtain w), any conjugate of a
word amiable to w has at least two occurrences of ba. Therefore we reach a contradiction. If
w = bP~1aPb* Pl then L(w) = aPb®, which is in contradiction with the fact that our Parikh
matrix is ambiguous (since such words are uniquely described).

Finally, let us consider the case when w = a?~™ba™b*~!, where p > m. We observe that the
only possible Lyndon conjugate of this word is L(w) = a™b*~1a?~™b. This is because we assume
that both w and L(w) are part of A(w, ¥) and they are distinct. However, for L(w) to be a Lyndon
representative it must be that 2m > p, with s — 1 > 1 in the case of equality. Furthermore, by
inspecting the number of ba subwords we have m = sp — ms — p + m. Thus s(p — m) = p < 2m,
and since s > m, it also follows that p — m < 2.

If p = m, then we have a contradiction as our matrix is unambiguous.

If p=m+ 1, then s € {m,2m}. Thus we get that w = aba™b™ ! and L(w) = a™b™ 'ab, for
s = m, or, when s = 2m, we have w = aba™b*™~ ! and L(w) = a™b*™ 'ab. Since both w and
L(w) are in A(w, ¥), they must have the same number m of ba subwords. Hence for the former
we get that m — 1 = m, which is a contradiction, while for the latter we get that m = 2m — 1.
Therefore, in this case it must be that m = 1 and we reach a contradiction with the fact that
abab = w # L(w) = abab, according to our statement.

If p=m+2, then s = 2m. In this case we have w = a?ba™b*™~! and L(w) = a™b*™ 1a?b. By

inspecting again the number of ba’s we have that m = 4m — 2. Thus, m = % which is impossible
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since m is an integer. O

Furthermore, we remark that there exist words whose corresponding Parikh matrix is not L-
distinguishable, despite the fact that they are neither amiable with only Lyndon conjugates, nor

are they amiable with only words in their respective conjugacy classes.

Example 46. Consider the words wy = bbabbaaa and we = bbbaabaa which are only amiable to each
other. Furthermore L(w1) = aaabbabb and L(ws) = aabaabbb, and therefore Vi (w1) = Y (ws).

Hence wy and we are not L-distinct and their Parikh matriz is not L-distinguishable.

Next we show that, almost, every conjugate of a word associated to a Parikh matrix describing
only Lyndon representatives (except for the ones in the above example) is amiable to a word whose

Lyndon conjugate has a different Parikh matrix describing it.

Lemma 47. Consider the binary word w € X35 with w; = L(w;), for allw; € A(w, V). Ifu € C(w)
and u ¢ {bbabbaaa,bbbaabaa}, then there exists v € A(u, V) such that L(v) ¢ A(w, V).

Proof. Let |A(w, V)| = k. We start our proof by noting that since all of the words in A(w, ¥) are
the Lyndon representatives of their conjugacy class we have A(w, ¥) = A(w, ¥, V1) = A(w,¥r).
Thus, in other words, we have to show that if v € C(w) and u ¢ {bbabbaaa, bbbaabaa}, then there
exists v € A(u, ¥) such that L(v) ¢ A(w, ).

From Proposition 40, we know that there exists some positive integer n such that all our words
are of the form w,, = a"vy,b®, where 1 < m < k and for n = |vy,|pe We have that |v,,|, = 2n and
|vm|s = n+ 1. Since all words of this form are binary and amiable, Remark 29 tells us that in order
to have conjugates of these words that share a Parikh matrix, the suffixes of wy,ws, ..., ws that we
shift, such that we obtain the aforementioned conjugates, either all have the same Parikh vector, or
the number of occurrences of a’s and b’s in each of them leads to a well-order among these suffixes.
Note that if two words have the same Parikh vector, they must also have the same length, while
the latter condition imposes a difference of at least 2 in the lengths.

Just as in the proof of Proposition 40, we can look at the words that are Lyndon representatives,
and share a Parikh matrix, in lexicographical order. By considering the smallest of them, we note
that this has to have the form a’b™abP, where ¢,p > 0 and m > 1 since otherwise we can apply a
Type 2 transformation as to get a smaller one which is amiable with the current or we only have one
element corresponding the the respective Parikh matrix. In the same way, considering the largest,

this has to have the form a’~"t1ba™bP+™1 where ¢ > 2m — 1.
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Let us first consider the case when m = 2. Thus we consider a’b2ab? and a’~1ba?bP+!, and
observe that these words are only amiable to each other. Furthermore, when ¢ = 3 and p = 2 we
have our exceptions {bbabbaaa, bbbaabaa}. For any other values, all conjugates of the corresponding
words are part of a set of amiable words of size at least 3, which can be checked by looking at all
possible rotations. For example, bab”a’b is also amiable with ab?ta’~1ba and bab?~aba’~2ba, while
a’~*b%abPa® is also amiable with a‘~*~'babab?~'aba®~! and a’~*~'ba’bPT'a®. Thus we conclude
in this case that each possible conjugate is amiable with a word whose Lyndon conjugate is not
corresponding to our Parikh matrix.

For the cases where m > 2, we have a‘d™ab? and a’~™+1ba™bPt™~! for the minimal and
maximal lexicographical elements in A(w, ¥), with each containing ¢(m + p) + p occurrences of ab.
Now, consider all of the possible conjugates of elements in A(w, ¥) obtained by a shift of no more
than £—m+1 (up to £) symbols a to the end. Then it must be the case that we can apply a Type 2
transformation to the obtained words by using the last occurrences of ab and of ba in the word as
to generate a word that it is amiable to ours. However, observe that this word is not the conjugate
of any Lyndon representative from A(w, ¥), since shifting now the last block of a’s in it back to the
beginning would render the Lyndon conjugate of this word which has as many as £(m +p) +p+1
occurrences of ba.

If on the other hand the shift is of at most p (up to p+m—1) symbols b from the back to the front,
we can consider the first occurrences of ba and ab in the word to apply a Type 2 transformation
and follow the exact previously described strategy as to reach a contradiction.

In the rest of the cases, when a factor ab is shifted from the beginning to the end, we can
consider this factor in the respective conjugate together with the first occurrence of ba preceding
it (such an occurrence exists, in the worst case right at the end of the last block of b’s in the
Lyndon representative). After we apply a Type 2 transformation to this word we get, according to
Remark 42, a new word that is amiable to ours but whose right Lyndon suffix begins in a different
position and is therefore L-distinct. Since also the starting position of the right Lyndon suffix differs
by exactly 1, it is also the case that this new word cannot be obtained from a word in A(w, ¥) as
the number of a’s and b’s that would presumably be shifted is not strictly increasing, or decreasing,
as compared to how our conjugate was obtained.

This concludes our proof. O
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We end this section by giving our main result that characterises all binary words whose Parikh

matrix is not L-distinguishable.

Theorem 48. For the binary alphabet, a Parikh matriz is not L-distinguishable if and only if there
exists a word w € X3 associated with that matriz such that w meets at least one of the following

criteria:
e w € {aabb, ababbb, aababb, aabbab, aaabab, bbabbaaa, bbbaabaa}
e w=a*vb* and for n = |v|p, we have that |v|, = 2n and |v|, =n+ 1

Proof. The ‘if’ direction was proven earlier in the paper when Propositions 33, 37, 38, 40 and
Example 46, describing these situations, were introduced. Therefore we move on to consider the
‘only if’ direction.

Let us now consider an ambiguous Parikh matrix (there are at least two words describing it). If
the matrix is not L-distinguishable it must be that the Lyndon representatives of all of the words
associated to the Parikh matrix share in their turn a Parikh matrix as well. Namely, a Parikh

matrix is not L-distinguishable if all of the words it describes are either:

1. members of the same conjugacy class, from Proposition 33,
2. Lyndon representatives, from Proposition 38,

3. conjugates of Lyndon representatives that share a Parikh matrix.

We know from Proposition 37 that the only words that are amiable with only other members
of their own conjugacy class are those in the set {aabb, ababbb, aababb, aabbab, aaabab}.

The case when the Parikh matrix is in fact one corresponding to only Lyndon representatives
is precisely the one discussed in Propositions 38 and 40 and covered by our statement.

If, on the other hand, there exist two amiable words v and w, such that v = L(v) while w # L(w),
then according to Proposition 45 the matrix that they describe is L-distinguishable.

Finally, let us assume that our Parikh matrix contains no Lyndon representatives but at least
two words from different conjugacy classes. We have that either there exists an L-Parikh matrix
corresponding uniquely to our words, or there exist other further words associated to the L-Parikh
matrix. For the former case, following Lemma 47, except for bbabbaaa and bbbaabaa there exist no
words that are both amiable and whose Lyndon representatives uniquely describe the same Parikh

matrix.
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For the latter case we can again consider the existence of a smallest lexicographical word v =
aP~tbmab*~™ and of a largest one w € {aP~™ba™b*~ L, bP~LaP~Lbabs TP bP~LaPh*~PTL} depending
on the relation between p and m. These must exist and according to our hypothesis they are not
the Lyndon representatives of their respective classes. We easily deduce that in this case p = 2,
m < s < 2m, and analysing all possible combinations of v and w get contradictions in all cases.
Namely, we get that either v = abab or aba, which are not possible descriptions of such words.

Hence the criteria outlined in the two points in our statement are the only criteria that result

in a Parikh matrix not being LL-distinguishable. O

5. Conclusion and Future Work

In this paper, we have shown that, when used in addition to Parikh matrices, P-Parikh and
L-Parikh matrices reduce the ambiguity of a word in most cases. From Corollary 19, we learn
that P-Parikh matrices, despite not being able to reduce the ambiguity of a Parikh matrix that
describes words in a binary alphabet, shine when it comes to reducing the ambiguity of words
in larger alphabets (Proposition 17). On the other hand, we find that L-Parikh matrices reduce
the ambiguity of most binary words, with the few exceptions from Theorem 48, which have all
been shown to be rare occurrences within the case of the binary alphabet. Thus, using both tools
together leads to a reduction in ambiguity in most cases.

Before looking into potential future work, let us consider the following examples.

Example 49. Consider the word w = a*bab'®a®bab with |w|, = 11, |w|, = 19, and |w|. = 103.
It is easy to see that w = L(w). Since |w|pe = 106, we note that the number of occurrences of ab
is not necessarily larger than that of the occurrences of ba. Furthermore, shifting the factor a®b to

the beginning of w gives us a word which has 149 occurrences of ab. <

The above example shows that the Lyndon representative of a conjugacy class does not nec-
essarily contain the highest number of ab subwords in the class, nor is its number of ab subwords

higher than the number of occurrences of ba.

Example 50. Consider the word v = aSb*ab®. This word is the Lyndon representative of its
conjugacy class, and apart from w = a>ba*b® the rest of the words associated to W (v) are from
S = {a®b*ab®, a®bab?ab*, a®b?a?b°, a*ba’bab’}.
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As one can see, except for w, all the words amiable to v are in fact the Lyndon representatives of
their conjugacy classes.
Let us also define the set of words that is obtained by removing the final two b’s from the end of
each word in Si.
Sy = {a®b*ab, a®bab*ab?, a®b?a?b*, a*ba’bab’}.
Now, let us consider the Lyndon conjugate L(w) = a*b%a3b. This word is in fact amiable to a
multitude of words (more than the ones in S1). However, what is to observe is that among the

words amiable to L(w) there are also all of the words vov1, where vy = bb, while v1 can be replaced

with each of the elements in the set Ss. <

The above examples show that a situation where there exist words u and w such that u is
amiable to L(w), while w is amiable to L(u), is possible. Furthermore, they also strengthen our
definition of L-distinguishability for Parikh matrixes. That is because, by looking at Proposition 45,
if we were to have for L-distinguishability only a reduction in the number of described words, for
one of the conjugates, then we would have encountered further issues. Nevertheless, we think that
this research direction deserves further consideration.

Going forward, we wish to characterise words that are described uniquely by both types of
matrices, respectively, as well as quantifying the ambiguity reduction permitted by both notions.
Theorem 48 tells us that there are very few binary words whose Parikh matrix ambiguity cannot be
reduced by LL-Parikh matrices. Future research on L-Parikh matrices could also include an analysis
similar to the one done in Proposition 17.

Finally we present a conjecture on the types of words that might be described by a Parikh
matrix that is P-distinguishable. We know that the presence of a certain type of factor, described
in Proposition 16, in a word means that its Parikh matrix is P-distinguishable. This conjecture
implies that the presence of this factor is the only way that the ambiguity of a word could be
reduced by P-Parikh matrices.

Conjecture 51. For any word w € X7, if W(w) is P-distinguishable, then there exists a word

amiable with w which contains a factor a;a;, where |i — j| > 1.
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